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Abstract

Agricultural decision-making faces a dual challenge: sustaining high yields to meet global
food security needs while reducing the environmental impacts of input use, including fertil-
izer losses (e.g., nutrient runoff and leaching) amd othersagrochemical applications such as
herbicides, insecticides, and fungicides. Nitrogen inputs,ame central to this tension. They
are indispensable for crop growth yet also major drivers of greenhouse gas emissions, nutri-
ent runoff, and escalating production costs. Addressing these intertwined pressures requires
adaptive decision-support tools that are not only statistically principled but also economically
sustainable and interpretable for practitioners.

We develop nonlinear model-based bandit, algorithms as a framework for adaptive fertil-
izer management under uncertainty. Building on classical mechanistic yield-response models
including Mitscherlich, Michaelis-Menten, quadratic plateau, and logistic functions, our ap-
proach links algorithmic exploration-exploitation strategies directly to interpretable biological
processes such as maximum vyield and nutrient efficiency. This grounding makes recommenda-
tions transparent for practitionersswhile supporting cost-effective and sustainable input use.
Methodologically, we establish regret and sample complexity results for the well-specified non-
linear case, examine robustness under misspecification, and evaluate the proposed methods
through extensive proﬁt—orieﬁed simulations and an offline replay case study on publicly avail-
able multi-site corn nitrogen field trials from the U.S. Midwest. Overall, the results show that
incorporating biologically meaningful mechanistic structure enables faster learning and higher
profit as evidence accumulates, with flexible nonparametric baselines providing a competitive
alternative in pooled and heterogeneous settings. Our findings illustrate how interpretable,
uncertainty-aware sequential decision rules can support economically sustainable fertilizer rec-
ommendations and contribute to more efficient agricultural input use.

Keywords: Sequential, decision-making, agricultural statistics, nonlinear models, multi-armed
bandits, resource optimization, regret

1 Introduction

Identifying the most effective crop management practice for a given site is a recurring challenge
in agriculture. While field trials and expert recommendations provide useful starting points, the
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actual performance of management strategies such as different fertilizer rates, planting densities,
or irrigation schedules can be highly variable due to differences in soil properties, previous man-
agement, and other biological or environmental factors (Hochman and Carberry, 2011; Tilman
et al., 2002). As a result, farmers and researchers must repeatedly decide which management ac-
tions to implement each season, often with limited prior information about theitrue effects. This
problem exemplifies sequential decision-making under uncertainty, where théygoaliis, to efficiently
learn and optimize management choices over time in a way that supportséboth productivity and
sustainability.

In the statistical and machine learning literature, such problems are maturally framed as multi-
armed bandit problems, dating back to Robbins (1952). They have'beenwidely applied in areas
such as precision medicine (Lu et al., 2021), recommendation systems (Li\et al., 2010), and, in-
creasingly, agriculture (Gautron et al., 2022). The term originates from the analogy of a gambler
choosing between several slot machines (“one-armed bandits”), each, with unknown payout rates.
At each round, the decision-maker selects an action/arm (e.g., a specific management practice)
and observes its outcome (e.g., crop yield or profit). The central ehallenge is to balance exploration
(trying new or uncertain options to learn about their effects) with ezploitation (repeating choices
that have performed well so far). Bandit algorithms provide princ¢ipled, data-driven strategies to
manage this tradeoff, making them well-suited to résourceroptimization tasks in agriculture and
environmental management. A standard way to evaluate,such algorithms is through minimiz-
ing regret (see Table 1 for formal definition), which measures the cumulative loss incurred while
learning compared to an ideal benchmark‘that, always selects the best fixed action in hindsight.

Most existing bandit algorithms rely on linear/GLM structure or generic black-box models, which
can miss the mechanistic nonlinear dese-response patterns common in agronomy. We develop a
family of bandit algorithms that embeds .agronemy-standard nonlinear response models directly in
the decision loop, yielding interpretable recommendations and improved sample efficiency in the
small-sample regimes typical of field experimentation, where decisions carry meaningful economic
and environmental stakes.

Nonlinear models provide parsimonious and interpretable representations of domain-specific pro-
cesses. Unlike generic polynomiakor linéar models, their parameters often map directly to biological
quantities, such as maximum jield:potential or nutrient efficiency, making the models both sci-
entifically meaningful and statistically efficient. In agriculture, such models (Miguez et al., 2018)
capture complex responses like'¢rop yield to fertilizer, temperature effects on growth, or pest dy-
namics, where the relationship,follows saturating, logistic, or exponential patterns rather than a
simple linear trend. Their adoption is motivated not only by statistical accuracy but also by the
need for transparent recommendations in sustainable resource management

1.1 Background'and related work

Multi-armed bandit' algorithms (Berry and Fristedt, 1985; Lattimore and Szepesvari, 2018) pro-
vide a/core statistical framework for sequential decision-making under uncertainty, where the key
challenge,is to balance exploration and exploitation. In the original bandit formulation, each arm
was associated with an unknown fixed reward distribution, and repeated pulls of the same arm
were assumed to yield independent and identically distributed (i.i.d.) rewards. Subsequent work
extendedthis framework to incorporate contextual information, leading to the development of con-
textual bandit models (Slivkins, 2014; Chu et al., 2011). In these settings, regression models such
as linear (Abbasi-Yadkori et al., 2011), generalized linear models (GLMs) (Li et al., 2010; Filippi
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et al., 2010), and more flexible nonparametric approaches, including kernels, nearest‘neighbors,
and neural networks (Yang and Zhu, 2002; Rigollet and Zeevi, 2010; Srinivas et al4 2010; Valko
et al., 2013), enable adaptive decision-making tailored to evolving arm/covariate information.

Classical nonlinear regression models, such as Mitscherlich (Dhanoa et al., 2022), Michaelis-Menten
(Lopez et al., 2000), quadratic plateau models (Bélanger et al., 2000), and logistie . response,func-
tions (Sepaskhah et al., 2011), are routinely used to capture crop yield response to fertilizer and
other management variables. These models offer interpretable parameters tied.to underlying bio-
logical processes, which is important for transparent and actionable reéemmendations (De Bruin
and Pedersen, 2008; Miguez et al., 2018).

Machine learning approaches, including random forests, neural networks, and regression trees, have
become increasingly popular for crop yield prediction and resourcedoptimization (Shahhosseini
et al., 2019; Khaki et al., 2020; Khairunniza-Bejo et al., 2014} Jabed and Murad, 2024). While
powerful in large-data settings, these methods are typically supervised and static, lacking the
sequential and adaptive capabilities needed for decision-making under uncertainty. Concerns also
remain about their interpretability and suitability for low-data environments (Dobermann et al.,
2022).

Within agriculture, adaptive experimentation and.real-time learning strategies have emerged as
promising approaches for site-specific managemert and resource efficiency (Gautron et al., 2022).
Recent work has explored the use of bandit algorithms (Saikai et al., 2020, 2018; Huang, 2025) for
adaptive plot selection and management optimizationjbut most existing studies focus on linear
models or generic black-box methods, seldom, leveraging domain knowledge of nonlinear response
behavior, especially valuable for smallholders and in data-scarce scenarios (Smith, 2018). Along-
side bandit and reinforcement-learning approeaches, a growing precision-agriculture literature uses
Gaussian-process surrogate modeling, Bayesian optimization, and Bayesian experimental design to
adaptively select treatment levels and sampling schemes in on-farm trials, often with an explicit fo-
cus on estimating the economic optimum nitrogen rate (EONR). For example, Ngombe and Brorsen
(2022) develop Bayesian optimal dynamic sampling procedures for on-farm experimentation, and
Matavel et al. (2025) propose Bayesian-optimized experimental designs for EONR estimation using
a model-averaging approachi”Related work develops fully Bayesian economically optimal designs
in spatial and multi-year Settings (Poursina and Brorsen, 2024), uses Gaussian-process modeling
across multiple on-farm experiments to quantify uncertainty and profitability of fertilizer strategies
(Mia et al., 2024), and advanees'multi-environment evaluation of nitrogen recommendation tools,
highlighting the need for'decision rules that can update across seasons (Abdipourchenarestansofla
and Piepho, 2025; Ransom et al., 2020). Bayesian optimization has also been used to automate
calibration of mechanistic erop models, illustrating its role in decision-support pipelines (Akhav-
izadegan et alf;72021)...Our work is complementary to these Bayesian optimization and design
approaches/ While they,primarily target efficient experimentation and estimation (e.g., learn-
ing EONR with minimal trials) via a learned surrogate and an acquisition rule, we study bandit
decision rules that explicitly balance exploration and exploitation to optimize cumulative perfor-
mance (profit and/or yield) over repeated decisions. Moreover, surrogate/acquisition formulations
cansbe less directly interpretable for agronomic decision-making, whereas our policies are built
around mechanistic dose-response models whose parameters map to familiar agronomic quanti-
ties (e.g., plateau level, response rate), making the learned recommendations more transparent in
data-limited settings.

It isswell-known that model-based bandit and reinforcement learning approaches can be far more
sample-efficient than model-free methods when the underlying reward mechanisms are known (Os-
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band and Van Roy, 2014; Sun et al., 2019). However, such approaches have received limited
attention in agricultural decision-making from a precision-agriculture and sustainability perspec-
tive, where established nonlinear models are often available but underutilized. Our,work addresses
this gap by integrating domain-driven nonlinear models directly into the bandit framework. This
enables adaptive, interpretable, and sample-efficient resource management, advancing the practical
and theoretical toolkit for sustainable and cost-effective fertilizer use.

Our primary objective is to adapt nitrogen-rate recommendations over repeated.seasons by balanc-
ing exploration and exploitation to maximize overall profit while learning the profit-maximizing
rate (EONR / maximum return to nitrogen) over a feasible fertilizer-rate grid.

Our Contributions. This paper makes the following contributions:

e Mechanistic nonlinear bandits for fertilizer-rate decisions:<We formulate nitrogen-
rate selection as a sequential decision problem in which the mean reward is modeled using
agronomy-standard mechanistic nonlinear dose-response, families (Mitscherlich, quadratic
plateau, Michaelis-Menten, and logistic). To our/knowledge; this is the first bandit-based
framework in agronomic decision-making that provides a‘unified, interpretable template for
mechanistic nonlinear response models rather than restricting to linear/ GLM rewards or fully
model-free black-box learners, and it can bé adapted to different agronomic objectives by
redefining the reward (e.g., profit, yield, or ‘other management utilities).

e Nonlinear model-based e-greedy, nonlinear-UCB, and Vi0lin baselines: We present
a unified framework and pseudocode templates for three nonlinear model-based strategies,
e-greedy, UCB, and ViOlin, that can beiinstantiated with the above mechanistic response
models, providing an interpretable alternative to linear and model-free baselines for data-
limited agronomic decision-making.

e Profit-oriented empirical evaluation in simulated and real trials: Under the profit
objective (learning the EONR)jwe conduct an extensive simulation study under both well-
specified and misspecified regimes, and we additionally provide a reproducible real-data case
study using multi-site cor{nitrogen trials from Ransom et al. (2021) via an offline replay
protocol. These experiments quantify when mechanistic nonlinear modeling yields large
gains and how performance /degrades under model mismatch, relative to linear methods
(e.g., LinUCB)yand fully, model-free methods (e.g., kNN-UCB), particularly in low-sample
regimes.

e Theory-to-practice connection via available complexity and sample-efficiency re-
sults: Wé connect the nonlinear model classes considered here to existing sequential learning
theory by presenting a sequential complexity bound for bounded function classes (with an
illustrative/visualization for the four nonlinear families studied) and by summarizing avail-
able sample-efficiency results for curvature-guided methods such as Vi0Olin from Dong et al.
(2021), diseussing its implications for data-limited agricultural experimentation.

We begin by setting up the problem in Section 2. In Section 3, we lay out the proposed framework
for nonlinear’ model-based bandits, in which we study three model-based algorithms: e-greedy,
Upper Confidence Bound (UCB), and the Vi0Olin algorithm. Section 4 presents known results for
parametric bandits in both well-specified and misspecified settings, and derives sample complexity
bounds for the specific nonlinear models considered by the ViOlin algorithm. In Section 5, we
themeonduct extensive simulation experiments emulating real-world yield production and fertilizer
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optimization scenarios, with the goal of resource-efficient and cost-effective management‘in sample-
limited settings. Then, in Section 6 we conduct a reproducible real-data case study based on multi-
site corn nitrogen trials in the US midwest to illustrate the advantage of the proposed methodology.
Finally, Section 7 concludes the paper.

2 Problem Setup: Adaptive Decisions with Nonlinear Models

Formally, we consider a sequential decision-making scenario with a time horizon of T rounds.
Each round can represent, for example, a growing season or field trial, where decisions are made
at planting and outcomes observed at harvest. At each round ¢ =1;..%, T, the decision-maker
(agent) chooses an action (input level) x; € X from a feasible set (X', such @s nitrogen application
rates. After choosing action z;, the agent observes a noisy reward gy, representing yield or profit,
modeled as:

yr = f(x4; B%) + 1y, (1)

where f: X — R is a known, structured nonlinear function parameterized by an unknown vector
B* € RP and n; is a mean-zero noise term. We assume g is sub-Gaussian, i.e., there exists ¢ > 0

such that for all A € R, 3

E [em] < exp <A22"2> : 2)

where E(+) denotes the expectated value with respect to the random noise. This assumption reflects
the variability of agricultural experimentsydriven by weather, soil heterogeneity, and biological
processes, while ruling out extreme outliers that would make learning impractical.

The decision-maker seeks a poligy/algorithm 7 that selects actions based on historical observations
to maximize cumulative expected-reward. Performance can equivalently be measured through the
cumulative regret, which quantifies the total loss relative to always applying the best treatment:

N T
Rr(m) = > {f(="8%) — fze: 8}, (3)
t=1

where z* = arg max ey f(z; 5) denotes the optimal treatment/arm. In agricultural terms, regret
measures the cumalative yield or profit lost due to not choosing the best possible input at each
season. The objective is to devise algorithms achieving sublinear regret, meaning Rp(w) = op(T),
so that the average.regret per round diminishes over time. Such a property guarantees that the
policy rapidly identifies near-optimal input levels, minimizing wasted resources and experimental
costs. Other pérformance metrics more suitable for risk-averse decision-making have also been
proposedgisuch as the Conditional Value-at-Risk (CVaR) of the regret, which emphasizes control
of the worst-case outcomes in the tail of the regret distribution (Baudry et al., 2021; Wang et al.,
2023).

Remark 1 (Scope). For clarity, we study a stationary setting where the underlying mean response
does not change across rounds, so the optimal benchmark rate x* is fived. Accounting for season-
to-seasom shifts (e.g., weather or soil changes) would require a nonstationary model and is left for
future work.
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2.1 From yield to profit: an economic objective.

In fertilizer management, maximizing yield alone is not necessarily the right decision objective.
Most yield—nitrogen response curves exhibit diminishing returns: yield increases with fertilizer up
to a point and then plateaus. Because fertilizer is a costly input, applying nitrogen beyond the
economically efficient range can increase cost without proportional yield gains. For,this reason, we
focus on profit (net return) rather than yield as the primary optimization target.

Let p, denote the price per unit yield (e.g., $/bushel) and let p, denote theprice per unit nitrogen
(e.g., $/1b N). Suppose the mean yield response is modeled by a parametric function f(z;6), where
x is the nitrogen rate and 6 denotes agronomic parameters. We define the profit function

~

I(z) = Dy f(x;0) — prx. (4)
The economically optimal fertilizer rate is then
* = H = : —_
#*(6) = arg mas T1(z) = avg mas [y / (F26) — pi]. (5)

where X is the feasible set of fertilizer rates (e.g., a grid from 0 to250 1b N /ac). Depending on the
form of f, this maximization can be carried out in glosed form or numerically. In our experiments,
we use closed-form expressions for z* for the yield-responsé*models considered (summarized in
Table 2), which makes clear how the optimal decision depends jointly on agronomic parameters
¢ and economic parameters (p,,p,) that must be learfied from data. Accordingly, we define
(expected) profit regret as II(z*) — II(z;) and evaluate cumulative regret Z?zl{ﬂ(x*) — II(z4)},
where x; is the fertilizer rate selected by the algorithm at time ¢. For the nonlinear yield functions
studied in our simulations, closed-form. expressions for x* are summarized in Table 2.

Why bandits? Although #*(6) admits closed-form expressions (Table 2), 6 is unknown and
must be learned online from limitedidata; the bandit algorithms couple plug-in optimization with
explicit exploration to avoid premature convergence under early estimation error.

To illustrate the framework wedocus on fertilizer-yield relationships and investigate four classical
nonlinear models widely used in agricultural research:

1. Mitscherlich,Medel: f(z;A,b,d) =d+ A (1 — e_bx), capturing saturating yield response
to fertilizer inputs:

2. Michaelis-Menten Model: f(z;a,b,d) = d + %%, describing nutrient uptake or growth
responses with diminishing returns.

3. Quadratic Plateau Model:

a+br+cx? ifx<uz

a+b:v0+c:v(2) ifa:>:co’

f(.’L';CL, b,C,ZL‘(]) = {

modeling responses that rise and then stabilize at a plateau, common in fertilizer trials.

4. Logistic Dose-Response Model: f(z;A,B,C,d) = d + m, often used to
capture threshold or inflection-point behavior.

These models are parsimonious, interpretable, and directly tied to biological processes. For ex-
ample, in the Mitscherlich model, A represents the maximum additional yield achievable with
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Table 1: Key concepts and notation for sequential fertilizer-rate decision-making.

Term Meaning in this paper

Round (¢t =1,...,T) One decision opportunity (e.g., asseason, site-
year, or trial iteration) in which a nitfegen rate
is selected and an outcome is observed.

Action / arm (x; € X) The nitrogen fertilizer rate appliedsat round ;X
is a feasible set (often a discrete grid).

Reward (y:) Observed outcome from choosing x; (vield or
profit, depending on the objective).

Policy / algorithm () The rule the decision-maker follows each round:

it looks at all past fertilizer choi€es and outcomes
{(#:,5:)}'=] and then zecommends the next ni-

trogen rate xy.
Bandit (partial) feedback Only the outcome corresponding to the chosen

rate x; is observed at each round (not outcomes

for all rates).
True mean reward (f(x;5*)) Expected outcome at rate x under the unknown

true parameter B*.
Estimated mean reward Plug-in prediction used by the algorithm at round

(f(x; Br)) ¢ based ol data collected so far.
Exploration vs. exploitation — Trying uncertain rates to learn (exploration) ver-

sus choosing ‘the currently best-performing rate
(exploitation).

Economic objective (II(x)) Profit at rate x, typically II(z) = p,Y (z) — pa,
with. crop price p, and input cost p,.

Optimal rate (z*) The best fixed rate in & under the objective (e.g.,
the profit-maximizing rate / EONR).
Warm start (ng) Initial ' rounds of forced exploration (uniformly

random choices) to stabilize early model fitting

before using model-based rules.
Per-round regret (r.) N Loss relative to the benchmark: r; = II(z*) —

II(x;) in simulations; in offline replay, * is the
within-round oracle based on observed treatment

means.
Cumulative/regret (R;) and R, = Y.'_, rs summarizes total loss; R;/t sum-
average regretn( Ry /t) marizes average loss per decision (used for “de-

creasing” curves).

fertilizer, b/reflects the efficiency of nutrient uptake, and d is the baseline yield. For example,
a larger value/f b indicates that yield saturates more rapidly with increasing input, whereas a
smaller’b corresponds to a more gradual response. Such parameters are routinely used in agro-
nomic|practice’and make the resulting recommendations not only statistically grounded but also
transparent and actionable.

Although‘we emphasize nitrogen fertilizer management as a motivating example, the framework
generalizes to a wide range of agricultural and environmental problems where nonlinear dose-
response relationships are well established, including irrigation efficiency, biomass accumulation,
andmutrient loss in response to rainfall (Miguez et al., 2018). We provide detailed parameteriza-
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tions and simulation examples in Section 5.

3 Methods: Algorithms for nonlinear model-based bandits

In agricultural trials, each season offers only limited opportunities for experimentation. Algorithms
must therefore use past data efficiently while remaining robust to uncertainty. In this section, we
describe a family of strategies for nonlinear model-based bandit problems; where the expected
reward is modeled as a nonlinear function of the chosen input. We first provide a general algorith-
mic template, followed by detailed descriptions of three model-based strategies| namely, e-greedy,
Upper Confidence Bound (UCB), and ViOlin, adapted to classicalfagronomic response models.
Note that all the three algorithms have been studied in various bandit pfoblems before (Auer and
Ortner, 2010; Arya and Yang, 2020; Dong et al., 2021), here we specialize them to mechanistic
nonlinear settings.

3.1 General framework

Recall, f(x;6) denotes a known nonlinear model (e.g., Michaelig-Menten, logistic, quadratic) pa-
rameterized by 6, where = € X is the action (e.g., N-rate) and the expected reward is E[Y | z] =
f(z;0). At each time ¢, the agent selects an actiod z;, then rgceives a reward y;.

Algorithm 1 General Nonlinear Model-based Bandit Framework

1: Input: Action set X', nonlinear model elassyf (-; 8), time horizon: T

2: Initialize: Pull each arm at least once and receive corresponding rewards until round %g
3: fort=1ty+1toT do

4:  Estimate model parameters 6§, using past'data {(z,,ys) : s < t}

5. Choose action z; using a strategy/pelicy 7 utilizing f(z; ét)
6:  Observe reward y;
7. Update dataset with (x,y#)
8

: end for
N
Illustrative example: | To make Algorithm 1 concrete, consider a small pilot dataset with 5
nitrogen rates (e.g.,eX &= {0,50, 100, 150,200}) and 2 independent replicated plots per rate, giving

to = 10 observed pairsi{(z;,v;)}:2;. At the first adaptive decision round (i.e., t = 11), Line 4

fits the nonlinear model using all available observations, so the nonlinear least-squares objective
uses 10 data points and returns éu. Line 5 then selects the next rate xi; from X using the
chosen policy/bandit algorithm applied to f(-; én). After observing y11 in Line 6, Line 7 appends
(z11,y11), so the next update uses 11 observations. In general, at round ¢, ét is estimated from
the full history {(xs,¥s) ¥i2j (i.e., t — 1 observations), after which the bandit policy (algorithm)
selects themext action z; based on f(-;6;).

In our implementation, ét is computed via nonlinear least squares (e.g., using curve_fit in
scipysoptimize) by minimizing a squared-error objective of the form

6, = argmeinZ(ys — f(xs;g))Q.

s<t

After.observing y;, the pair (x¢,v;) is appended to the dataset and used in the next update.
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Remark 2 (Bandit (partial) feedback). Unlike classical supervised learning or factorial field ex-
periments that provide outcomes for every treatment, bandit settings reveal only the reward for
the action actually chosen at each round. This partial feedback captures the reality of sequential
agronomic decision-making where only tested nitrogen rates yield observable,outcomes. As a con-
sequence, even when a closed-form optimizer x*(0) exists for a parametric résponse family, the
parameters 0 cannot be learned reliably without deliberate exploration, since ufichosem.rates provide
no counterfactual information.

Next, we describe three model-based algorithms that follow the general structureref Algorithm 1
but differ in how they balance the exploration-exploitation trade-off.

3.2 Epsilon-Greedy

The e-greedy algorithm (Algorithm 2) (Langford and Zhang, 20083 Yangand Zhu, 2002) is one of
the simplest approaches yet effective for balancing exploration and exploitation. At each round,
the current nonlinear model is fitted using past observations, and the input that maximizes pre-
dicted profit is selected with high probability 1 — €; (exzploitation)."With small probability €;, the
algorithm explores by selecting a random alternative,from the feasible input grid (exzploration).
This mechanism ensures continued learning, preventing the algorithm from becoming stuck on
suboptimal choices. In agricultural contexts, this‘method reflects the intuitive practice of trying
occasional alternative fertilizer rates even when one vate appears best.

Several variants of e-greedy exist; the most popular is the'annealed or decaying e-greedy, where the
exploration probability €; is a non-increasing sequence that tends to zero as t — oco. The intuition
is that, as more data are collected and the model becomes more certain, the algorithm increasingly
favors exploitation over exploration' Note'that the user specifies an exploration schedule {€}i>1
(typically through an initial value and a'decay rule), which controls the exploration—exploitation
trade-off and directly affects camulative regret.

Epsilon-greedy is simple, robustgrandieasy to implement. It is particularly useful when the model
is misspecified or when simple} interpretable algorithms are desired.

Algorithm 2 Nonlinear model-based Epsilon-Greedy

1: Input: Action set X','exploration schedule {€;};>1 (e.g., & = min{1, eg¢~7}), non-linear model
class f(+;0), horizon T

2: Initialize: Random pull arms and receive corresponding rewards until round ¢
3: for t = tg + I/to T"de
4:  Estimate#y from previous data: {z1,y1,...,%—1,Yt—1}
5:  Select aetion &y aceording to:

sample uniformly from X with probability €;

Tt = ~

argmax;cy f(x;0;) with probability 1 — ¢
6: __Observe g, update data
7: end for

If X isafinite set of K elements, “sample uniformly from X” means selecting an element at random
withsequal probability, so that each arm is chosen with probability 1/K. In the e-greedy algorithm,
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during the exploration step, each arm is selected with probability /K. If X is a continuéus interval
or region, this means sampling from the continuous uniform distribution over X', i.e., 2§ ~ Unif(&).

3.3 Nonlinear model-based UCB

Overview: The UCB (Upper Confidence Bound) algorithm (Auer and Ortaer, 2010; Chu et al.,
2011; Zhou et al., 2020) embodies the principle of “optimism in the face of uncertainty” by selecting
actions that maximize an upper confidence bound on the expected reward. Here, the nonlinear
model is repeatedly fitted, and for each input level the algorithm constructs an upper confidence
bound on the predicted reward. The next action is chosen to maximize this upper bound. This
mechanism naturally prioritizes inputs that are either promising indterms o\f mean yield or remain
highly uncertain, thereby encouraging exploration in scientifically justified directions. Applied to
fertilizer management, UCB corresponds to testing input levels svhere either predicted yield is high
or parameter uncertainty remains large.

In model-based nonlinear regression, the uncertainty Unc, () is/eften based on the variability of the
estimated reward due to finite data, as quantified via the standard error of the model prediction.
Specifically, the uncertainty term is given by

Uncy(z) = / Vo f (z; 6 Covll) Sao  (x: 1), (6)

where Vg f(z; ét) denotes the gradient of thereward modél with respect to the parameters, evalu-
ated at the current estimate ét, and éaf(ét) istheestimated covariance matrix of ét. We emphasize
that Unci(z) is a first-order error-propagation,(delta-method) proxy and is not claimed to be a
certified nonasymptotic confidence radiusmThisis nonetheless appropriate for our algorithmic use:
the UCB rule only needs a data-adaptive ranking of uncertainty across candidate rates to avoid
premature commitment when, 7" is small. “In, early rounds, the nonlinear fit is typically weakly
identified and C/CRI(ét) is larger (and can be ill-conditioned), which increases Unc;(x) and naturally
promotes additional exploration: To stabilize this regime we (i) warm-start with uniform explo-
ration for the first ny observations and (if) compute 6&/(9,;) using ridge/regularized inversion of
the observed information, preventing numerical degeneracy in very small samples. We use (6) as
a practical and interpretable exploration score for data-limited agronomic settings, and evaluate
its behavior empirically in odr simulations and offline real-data replay experiments.

The UCB action seléetion rule then takes the form

Ty = argmax f(x;0;) + - Uncy(z) (7)
e

where a > ()fis a user-specified confidence parameter that controls the degree of exploration.

UCB algorithus proyide strong theoretical guarantees for balancing exploration and exploitation,
and are particularly effective when reliable, model-based estimates of prediction uncertainty are
available (see, €.g., (Zhou et al., 2020)). It is particularly advantageous in settings where data
colleetionnis expensive or risky, as it prioritizes actions that could yield high rewards or that
have not been thoroughly explored. Model-based UCB (Algorithm 6) thus combines statistical
rigor with the agronomic interpretability of nonlinear functions, making it a strong candidate for
adaptiveron-farm experimentation.

10
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1

2

3 Algorithm 3 Nonlinear model-based UCB

g 1: Input: Action set X, confidence parameter o > 0

6 2: fort=1toT do

7 3.  Estimate ét from the previous data

8 4:  for each x € X do

9 5: Compute predicted reward f(z, z; ;) and uncertainty Unc,(x) as défined in,(6)

10 6: Calculate UCBy(z) = f(x, 21; 0;) + a - Uncy(z)

1; 7. end for

13 8:  Choose z; = argmax,ecxy UCBy ()

14 9:  Observe ¥, update data

15 10: end for ~

16

17

18 3.4 ViOlin (Virtual Ascent with Online Model Learner)

;g The ViOlin algorithm (Algorithm 4) (Dong et al., 2021) is.a model-based bandit strategy designed
21 for efficient learning in nonlinear settings. Unlike e-gréedy, which explores actions uniformly at
22 random, or UCB, which prioritizes actions with high uncertainty, ViOlin is a greedy method
23 that leverages both the current model estimate anddoeal geometric information about the reward
24 surface (i.e., gradient and curvature). At each round/the algorithm selects the action predicted
25 to be best by the current estimated model, while using local geometric information (slope and
;? curvature) of the fitted reward surface to guide the search. In our implementation, this geometry
28 enters through the action-selection score in Algorithm 4, and model parameters are updated from
29 accumulated noisy rewards via standard parametric fitsting. This geometry-guided greedy strategy
30 is motivated by the ViOlin frameworktof,Dong et al. (2021), which provides sample-efficiency
31 guarantees when local gradient /curvature,(Hessian) information about the reward function can be
32 leveraged; here we use analytic derivatives of the fitted mechanistic model as a practical proxy
33 under noisy observations.

34

22 Algorithm 4 ViOlin: Virtual Ascent with Online Model Learner (Dong et al., 2021)

37 1: Input: Model class F/&= {f(%8)=0 c O}, action set X, initial guess 01, learner /estimator O,
38 total rounds T, curvature aveights k1, k2 > 0, minimum fit size m

39 2: fort=1toT do

40 3. if t < m then

j; 4: Choose xgamiformly. at random from X

43 5: Observe moisy reward

44 6: else

45 7: Fit fipdate Opusing {(z,,ys)} 2! via O

46 8: Action/selection: for each x € X compute

47

jg fir(x) = f(z;64), gi(z) = Or f(x;0;), Hy(x) = 07, f (x;61),

50 and choose

5! w € argmax {ju(x) + mla(@)| + mol ()|}

52 zEX

53 9: Qbserve 1, update data.

>4 10:  end if

gg 11: ‘end for

57

58

59 11
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Note that, in our experiments, slope and curvature terms are computed from the fitted parametric
model f(-;6;) (analytic derivatives) and used to guide action selection.

ViOlin is particularly attractive in data-limited settings (e.g., smallholder or resource-constrained
agricultural experiments), where minimizing the number of field trials is crucial. ViOlin’sgreedy
exploration is guided by the model fit and its local geometry, without explicitsrandomized or
uncertainty-driven action selection. This enables fast convergence to (local) optima when the model
class matches the true reward structure and curvature information is reliable. \In low-dimensional
agronomic models with smooth response surfaces, Vi0lin performs on par with simpler strategies
such as e-greedy and UCB. However, as model complexity (e.g., multi-modal response curves) or
the dimensionality of X increases, geometry-guided strategies suchas ViGlin can be especially
sample-efficient when the model is well specified and curvature information is reliable. This makes
ViOlin well suited for adaptive experimentation in limited data regimes/ such as on-farm field
trials or precision agriculture for smallholder contexts, where each dataipoint is costly to obtain.

Summary of algorithm differences:
e-greedy explores uniformly at random, UCB targets actiong,with high uncertainty (optimism-

Page 12 of 46

based exploration), and Vi0lin is greedy with geometry=guided action selection, using slope/curvature

information from the fitted model to promote samplezefficient learning in nonlinear settings.

To illustrate how these algorithms operate and compare inpractice, we include a simple, step-by-
step example using the Mitscherlich model over threglor four rounds in Section 5 of the Appendix.
This concrete illustration should help readérspespecially.those less familiar with bandit algorithms,
understand the exploration-exploitation tradeoft.

While the primary emphasis of this werk is not'on theoretical development, we present and discuss
several well-known theoretical resultstand highlight their implications for the nonlinear model-
based bandit framework.

4 Theoretical guarantees for nonlinear bandit algorithms

In this section, we characterize\the regret and sample-complexity guarantees of sequential algo-
rithms under increasingly flexible reward models, beginning with classical linear formulations,
extending to nonparametrie function classes, then focusing on nonlinear parametric (mechanistic)
models as used in agronomy, andfinally accounting for model misspecification. While the general
theory applies broadly, our emphasis is on sample efficiency and robustness in low-data agricul-
tural regimes, whére each field trial is costly and decision errors translate to both economic and
environmental gensequences.

Linear and GLM bandits. For linear bandits with d-dimensional action/context space X, the
minimax expected cumulative regret is known to satisfy

E[Ry] = O (dﬁ log T) :

where T' 15 the time horizon (Abbasi-Yadkori et al., 2011; Dani et al., 2008). Generalized linear
bandit models achieve similar rates up to logarithmic factors (Filippi et al., 2010; Bastani et al.,
2020)s These results provide a baseline: when yield or profit responds linearly to inputs, ban-
dit algorithms can achieve fast learning rates. However, such linear approximations are rarely
biologically realistic in crop response.

12
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Nonparametric bandits. For more general nonparametric function classes, such as Lipschitz or
RKHS (kernelized) reward functions, the minimax regret scales polynomially with the dimension
d of the action/context space X (Slivkins, 2014; Srinivas et al., 2012):

= 0 (154,

While attractive for flexibility, these guarantees deteriorate with dimension and are impractical
when only a small number of seasons or trials are available, which is a common reality in agriculture.

Expressive nonlinear models. Recent work has extended bandit algorithms to highly expres-
sive nonlinear function classes such as neural networks. For example, NemralUCB (Zhou et al.,
2020) achieves O(v/T)-type regret under effective-dimension assumptions. While theoretically ap-
pealing, such methods typically require substantially larger data and are less directly interpretable
than the low-dimensional mechanistic models considered here. For eompleteness, we summarize
Neural bandits in Appendix A and we also present representative regret rates for common stochas-

tic bandit models in Table 3 of Appendix A.

While such results highlight the theoretical reach of . modern methods, they are poorly suited
to agricultural decision-making, where data are scaree, feedback is seasonal, and recommenda-
tions must be transparent to practitioners. Our focus, therefore, is on mechanistic yield-response
models such as Mitscherlich or Michaelis-Menten. "These models are parsimonious, interpretable,
and biologically grounded, yet flexible enough to capture/crop dose-response behavior. This spe-
cialization ensures theoretical guarantees translate into actionable insights, directly relevant for
resource-efficient agricultural experimentation.

4.1 Model-based nonlinear bandits.

Building on these insights, we‘nmew focus on model-based nonlinear bandits, a regime particularly
relevant in agronomy, where biological processes often admit interpretable, low-dimensional param-
eterizations. Since one of our motivations for this work is to provide decision-making algorithms
in sample-limited scenarios, we focus on characterizing sample complexity more than providing
regret guarantees in this séction” Recént work by Dong et al. (2021) has shown a breakthrough
for model-based nonlinear bandits:| for any class of reward functions with bounded sequential
Rademacher complemity; it is possible to find an e-approximate local maximum with sample com-
plexity polynomial in the complexity of the model class, independent of the action dimension.
This suggests thaty unlike classical methods whose sample complexity or regret is exponential in
dimension, model-based methods can be vastly more efficient when the reward function admits a
suitable low-complexity parameterization.

Sample Complexity and Local Regret for Model-based Nonlinear Bandits. In the
model-based ‘bandit{setting, the functional form of the reward is known, but its parameters are
not. The goal is therefore to efficiently identify an approzimate local mazimum of this parametric
reward function, rather than a global maximum which is often computationally and statistically
intractable. "Here, sample complexity refers to the minimum number of experimental rounds re-
quired to‘guarantee, with high probability, that the recommended action achieves performance
within a specified tolerance of a local optimum. This guarantee is formalized through the notion
of local Tegret, which measures the suboptimality of the chosen action relative to the best locally
optimal action. In practice, for well-behaved (e.g., unimodal) functions such as those common in
agronomic yield response, a local maximum often coincides with the global maximum.

13
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In particular, a point z is said to be an (€4, €5)-approximate local maximum if its gradient is
at most €4 (i.e., [[Vf(x)]2 < €) and the Hessian’s largest eigenvalue is at most <ep (., fuis
sufficiently concave around z). The sample complexity quantifies how quickly an ‘algorithm can
find such a point.

In this work, we focus on reward functions (e.g., quadratic-plateau, Michaelis-Menten, Mitscher-
lich, and logistic) that satisfy the regularity conditions (such as bounded gradients and Hessians)
assumed in recent theoretical results (Dong et al., 2021). These properties ensure that our algo-
rithms are well-behaved: the models are smooth enough for efficient learning, andsthe theoretical
sample complexity guarantees apply. As a result, we can meaningfully compare algorithms in terms
of how many rounds are ed to reach near-optimal fertilizer recommendations with high confidence.
We first define the notion of sequential Rademacher complexity and then state Theorem 1.1 from
Dong et al. (2021) in terms of sequential complexity, and then ave tailor the result to our specific
non-linear model classes.

Intuitively, sequential Rademacher complexity measures how hard it is for a learning algorithm to
reliably make good decisions when facing an environment that cansadapt to the algorithm’s past
actions. More formally, the sequential Rademacher complexity (Rakhlin et al., 2015b) is defined
as follows.

Definition 1 (Sequential Rademacher Complexity)./ LetnJ¥ be a class of real-valued functions
defined on X. The sequential Rademacher complexity of F over T' rounds is defined as

T
RYYF)= sup E, [sup = Zrtf xe(ri, .., me-1))
Tl H&T fe]-'
where the supremum is taken over all sequencesiofyfunctions xy : {—1,+1}1 —> X, andry,...,r7
are independent Rademacher random variables, i.e., P(r, = 1) = P(ry = —1) =  for each t.

Now, we present the result by Deng et al. (2021) that determines the sample complexity rate for
ViOlin.

Theorem 1 (Sample Complexity. for Model-based Nonlinear Bandits (Dong et al., 2021, Theorem
1.1)). Suppose the sequential Rademacher complezity of the loss function class REY(F) induced
by the reward function class {f(0,:) : 6 € O} is bounded by \/R(O©)T polylog(T) for some com-
plexity parameter R(@). Then,dhere exists an algorithm (Vi0lin)) (Algorithm 4) that finds
an §-approximate local maximum with 6(R(@)(5*8) samples, independent of the dimension of the
action space.

Note that most‘ef \the agronomic models assume bounded non-linear functions, such as ones that
exhibit plateauing behavior after a certain threshold. Therefore, it is of interest to quantify the
sequential Rademachér ecomplexity for these class of functions. For parametric classes with bounded
functions_andvinputs (such as those considered in this paper), we prove a theoretical bound on
the sequential Rademacher complexity of bounded functions and show that indeed for this class of
functions the sequential Rademacher complexity has an upper bound as required in Theorem 1.

Theorem 27(Sequential Rademacher Complexity for Bounded Functions). Let F C [~Br, B#|P
be a class of functions uniformly bounded by Br > 0. Then the sequential Rademacher complezity
of Frsatisfies

logT
T )

iﬁ;‘fq(}') :=supE, |[sup = Zrtf e (r1y ..y re—1))

<(C -Br-
x feFT o d
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15 Round ¢
16
17 Figure 1: Illustration of model-dependent upper bounds en sequential Rademacher
18 complexity. We plot Br+/log(t)/t (up to a universal constant common,to all models) for the four
19 ield families used in the simulati here By — Orrue)| i ted
20 yield-response families used in the simulations, where Bz ='Sup,cjo2s0) |/ (2; true)| 1S compute
21 from the parameter settings in Section 5. The bound’ deereases with the number of rounds t;
22 differences across model families appear through the genstant Bz» The dashed vertical line marks
23 the horizon T' = 30 used in the well-specified experiments:
24 'S
25
26 for some universal constant C > 0.
;é We defer the proof of Theorem 2 to the Appendix (Section B) for brevity and discuss its impli-
29 cations from an application viewpoint. Our theoretical result complement Dong et al. (2021)’s
30 general framework by concretely instantiating the sample complexity for these practically impor-
31 tant nonlinear classes, including quadragic plateau (threshold), Michaelis-Menten, Mitscherlich,
32 and logistic models, the sequential Rademacher complexity 9174(F) can be bounded as O(1/V/T).
33 Figure 1 visualizes the bound in Theorem 2 for the four nonlinear yield-response families in Ta-
34 ble 2. In this result, model dependence. enters through a uniform magnitude bound Br satisfying
22 supgex |f(2)| < Br for all f € F. We set Br = sup,cjo250) | f(#)| using the parameter settings
37 from Section 5 and plot thewresulting (conservative) upper bounds versus ¢; the corresponding Br
38 values are reported in Appendix B.1. This figure is included purely for intuition: it illustrates that
39 the (conservative) complexity bound decreases as the number of rounds increases, and it should
40 not be interpreted as @ model=seléction criterion. Therefore, the sample complexity for identifying
41 an e-optimal arm (in_theisense of a local maximum) in these bandit settings scales as O(1/e®),
42 with constants depending,on the parameter and input bounds. This bound, as established in Dong
43 et al. (2021), isggeneral and not specialized to the structure of agronomic models in terms of its
Zg polynomial dependence on €. Deriving sharper rates for the structured nonlinear models considered
46 here is an important_direction for future work.
47 Corollary, 1 (Sample Complexity for online learning of Bounded Non-linear Reward classes).
22 Using fthe bound in Theorem 2 in Theorem 1, an e-optimal solution (arm) can be identified with
50 sample_eomplezity (number of time steps), O(1/8%) for the ViOlin algorithm of (Dong et al., 2021),
51 independentrof the action (arm) space dimension.
52
53 Interpretation. This shows that for commonly used nonlinear agronomic yield response models,
54 bandit algorithms can efficiently identify near-optimal fertilizer rates with a number of field trials
55 thatrscales polynomially with the desired accuracy and avoids the curse of dimensionality in the
g? action space. Our results instantiate Dong et al. (2021)’s general theory for these specific models,
58
59 15
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providing practical sample complexity bounds for adaptive experimentation in agriculture. In
Theorem 1, the parameter § > 0 represents the maximum allowable gap between thé algorithim’s
selected action (e.g., a nitrogen rate recommendation) and the optimal (locally maximizing) action
in terms of expected reward. That is, with high probability, the bandit algorithm identifies an
action z such that

@) = (@) <6,
where f* is the true (unknown) reward or profit function, z* is a (local) maximizer of f*, and x
is the action recommended by the algorithm.

The sample complexity required to achieve an e-optimal recommendationscales polynomially with
1/6 (specifically, as O(1/6%) in Theorem 1), so tighter tolerances (sfaller-§)Fequire proportionally
more field trials. In practice, d should be set according to what.constitutes an economically
meaningful margin for decision-making.

Dong et al. (2021) provide broad sample complexity and regret guarantees for nonlinear bandit
problems, including highly expressive classes such as 2-layer meural/networks. By contrast, our
agricultural decision models are low-dimensional and mechanistic (e.g., quadratic plateau), which
makes them both interpretable and practically relevamt. In this structured setting, algorithms
such as UCB and e-greedy are not only straightforward torimplement but also expected to admit
stronger theoretical guarantees than the general/results in. Dong et al. (2021). We adopt their
bounds as a reference baseline, while highlighting the opportunity for future work to establish
sharper, model-specific results. This positions our ‘empirical study on firm theoretical footing
while opening avenues for more refined analysis.

Remark 3. The proof techniques usedshere such as bounding regret via sequential Rademacher com-
plexity and the resulting sample-complexity covollary for Vi0lin are direct instantiations of general
tools from the bandit literature. What is distinctive in this result is their adaptation to mechanistic
nonlinear models (e.g., Mitscherlich, Michaelis-Menten), which integrates domain knowledge with
statistical guarantees. This integration ensures that theoretical results are not only mathematically
sound but also directly interprétable andractionable in agronomic applications.

Under Model Misspeciﬁcati}n In many applications, including agricultural yield optimiza-
tion, the true reward function may not be perfectly captured by any member of a chosen para-
metric model class(such as quadratic plateau or Michaelis-Menten). This is known as model
misspecification, and‘canmvhave important implications for the performance and guarantees of ban-
dit algorithms. Asconcrete example in agronomy is when the true yield response exhibits smooth
saturation (well,captured by a Mitscherlich curve), but the fitted model class is a quadratic-plateau
response. In that case, the quadratic-plateau model may fit the central range reasonably well but
can misreprésent the eurvature near the shoulder/plateau region, leading to biased estimates of
the profit-maximizing nitrogen rate.

Most bandit algerithms rely on the assumption of a well-specified model (or “realizability”), that
is, the existence of a function f* € F such that the mean reward is pu(z) = f*(z) for all actions
x (Chu etral., 2011; Abbasi-Yadkori et al., 2011; Agarwal et al., 2012; Foster et al., 2018). However,
in practice, exact realizability rarely holds, and it is important to consider the effect of model
misspecification.

Recent work (see, e.g., (Greenewald et al., 2021; Lattimore et al., 2020; Ghosh et al., 2017)) has
studied bandits under various notions of misspecification. A common formulation is the uniform
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e-misspecification setting, where

}22;‘;;; lu(z) — f(@)| < e, (8)

for some e > 0.

For linear bandits, Lattimore et al. (2020) show that the cumulative regret, must satisfy
Rt 2 d\/T + € ]—‘\/g T,

where d is the model dimension and T is the time horizon. The first term corresponds to the
minimax regret under well-specified models, while the second is an‘unaveidable “price of misspeci-
fication”. In our setting, the models (quadratic plateau, logistic, etex)dmay be misspecified relative
to the true reward. As such, the regret of our bandit algorithms ¢an be_ interpreted as

Ry = O(model-based regret) + OQ(T er),

where e r is the uniform misspecification level in (8). This highlights the need for robust algorithms
and motivates future work on model selection or hybfid model-based /nonparametric approaches.

>
5 Simulation study: Emulating agricultural decision-making

5.1 Experimental setup and evaluation metrics

Building on the profit objective in Section 2.1, we eévaluate the proposed bandit algorithms in
controlled simulations that mimic fértilizer=rate decisions under limited data. In each experiment,
the mean yield response is specified by a,chosen model family f(xz;0) (Mitscherlich, quadratic-
plateau, Michaelis—Menten, orslogistic), actions are restricted to a discrete grid X of nitrogen
rates, and economic conditions areéwaried through the price parameters (py, p,). At any round, if
the parameters 6 were known, the profit-maximizing rate would be

* (z) = :0) — pp}.
v geargmax I (v) = arg max{p, f(z;0) — pov}

In practice, 6 is unknown and must be learned online from noisy outcomes, so the algorithms
repeatedly fit a model and select fertilizer rates based on plug-in profit estimates and exploration
bonuses. For the nenlinear response families considered here, the continuous maximizer admits
closed-form expressions (Table 2). These formulas clarify how the economically optimal decision
depends jointly4om agronomic parameters 6 and prices (py, p,;), motivating regret and profit-based
comparisons &8s data accumulate over rounds.

We now turn tothe problemvof sequentially optimizing fertilizer decisions using model-based bandit
algorithmsythat, account for uncertainty and limited data. At each round, the algorithm fits a
nonlinéar yieldaesponse model to the observed data and selects the fertilizer rate that maximizes
the estimated economic profit, optionally incorporating an uncertainty-based exploration bonus.We
investigate three nonlinear model-based strategies below. To avoid confusion with the generic
reward (yield) formulation in Section 3, Algorithms 5-7 in this section are profit-based variants
of ‘Algorithms 2—4 (and the baselines), obtained by replacing the reward with the profit objective
II(x) = pyY (x) — pgx. Algorithms 2-4 provide the core reward-based pseudocode templates, while
Algorithms 5-7 give the corresponding simulation-ready, implementation-level versions used in
Section 5.
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Table 2: Closed-form fertilizer rate that maximizes profit under four yield=mitrogen
response models. We maximize per-round profit II(x) = p, Y (x) — p,x, where z igitheémitrogen
rate (Ib N/ac), Y (z) is yield, p, is grain price ($/bu), and p, is nitrogen price ($/1b N)."Model
parameters are defined in Section 5. In the simulations, actions are chosen from a discrete grid
X (e.g., {0,50,...,250} 1b N/ac), so the implemented decision is the nearestygrid value to the
continuous maximizer reported here.

Model Yield Function Y (z) | Profit-maximizing.a”
Mitscherlich A(l — e*bx) _% In (pfﬁlb)

a+br+cx?, x < xg

. . 1 & _
Quadratic (threshold) o+ bo + ez, @ > o min {3:0, max {0,}2 (py b) }}

b
Michaelis-Menten ar Py 2 b
b+x Dz
A u*=7_2_\/(7_2)2_4
Logistic _— 2 ’
—B(z—C BppA 1
14 e Bl@=0C) y = Dy ., ¥=C— =Inu*
Dz B

L
1. Model-based e-greedy algorithm (Algorithm §): This method selects a random fertilizer rate
with probability ¢, = t~%, with a chosen from {0.5, 141.5}, for exploration. With the remain-
ing (1 — ¢) probability, it chooses the rateclosest to the current profit-maximizing estimate
x*, computed using the fitted model and\closed-form expressions where available.

2. Model-based UCB algorithm (Algerithimn6): This approach augments the estimated profit at
each arm with a model-based uncertainty term, derived from the parameter covariance of the
fitted nonlinear model, anid selects the rate with the highest upper confidence bound. Model
based nonlinear-UCB uses thedelta-method uncertainty proxy (6) with warm-start n.

3. Vi0lin) algorithm (Algorithm 4): JA curvature-aware strategy that exploits local second-
order structure in the pro&c function to accelerate convergence, particularly under smooth
nonlinearity.

Although these methods differ in their exploration strategies, they all share the same structure:
fitting a nonlinear model to guide adaptive decision-making under uncertainty. Accurate initial-
ization of nonlinear modelhparameters is crucial to the success of these algorithms, especially
in small-sample settings.» To benchmark the performance of nonlinear model-based strategies,
we compare thém against two widely used baselines: LinUCB (Chu et al., 2011) and k-Nearest
Neighbor-UCB (kNN-UE€B) (Reeve et al., 2018).

4. LinUCB salgorithm (Algorithm 8): A linear bandit method that models yield as a linear
function of fertilizer rate and selects actions using upper confidence bounds derived from
online regression.

5. kNN=-UGB algorithm (Algorithm 9): A nonparametric method that estimates yield using
the & nearest neighbors of each candidate arm and quantifies uncertainty via local sample
variance.

Further descriptions of these algorithms can be found in the Appendix. These baselines span the
spectrum from parametric simplicity to nonparametric flexibility and help highlight the advantages
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1

2

3 Algorithm 5 Model-Based e-Greedy for Economic Profit Maximization

g Require: Fertilizer levels X', time horizon T, prices py, p;, exploration rate ¢

6 1: Initialize dataset D « ()

7 2: fort=1to T do

8 3:  if w ~ Uniform(0,1) < ¢ or |D| < ng then

9 4: Select fertilizer level z; ~ Uniform(X) // Explore
10 5.  else

1; 6: Fit model f(x;0) to data in D

13 7: Compute x* = arg max,cy [pyf(m; 0) — pya

14 8: Select x; € X closest to x*

15 9: end if -

16 10:  Apply x¢, observe yield Y;

1; 11:  Compute profit: II; = p, - Y; — py - x4

19 12:  Add (x4, Y:) to dataset D

20 13: end for

21

22 Algorithm 6 Model-Based UCB for Economic Profit:Maximization

23 Require: Fertilizer levels X', horizon T', prices p, #,, UCBiconstant o, warm-start length ng
24 1: Initialize dataset D «+ () y

25

2% 2: fort=1to T do

27 3: if "D’ < ng then

28 4: Select x; ~ Uniform(X) // warm-start exploration
29 5. else

30 6: Fit reward model f(z;6) t6 data’D

31 7: Estimate parameter covariance C/(;/(é) (e.g., from nonlinear least squares)
gg 8: for each x € X dq R

34 9: Predict profit: II(xz) = py- f(2;0) — ps - @

35 10: Compute uncertaingy proxy (delta-method, cf. (6)):

36

37 e = p, - \/ VoS (2:6)TCov(B) Vo f(:6)

23 11: ComputeyU@B score; UC B(x) = II(z) 4+ a - Unc(z)

M 12: end for

42 13: Select z; = argmaxzexy UCB(z)

43 14: end if

44 15:  Apply x;, observe yield Y;

45 16:  Compuite profit: II; = p, - Yy — ps - 24

46 17. Update D« DU {(&, Y;)}

47 18: end.for

48

49

?1) of demain=informed nonlinear models in sample-constrained settings.

52

53 In‘the next section, we present simulation studies under both well-specified and misspecified condi-
54 tions to compare the performance of these five bandit algorithms in terms of profit and cumulative
55 regret.

56

57
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Algorithm 7 ViOlin for Economic Profit Maximization

Require: Fertilizer levels X, horizon T', prices py, p;, curvature weights x1,x2 > 0, warm-start
length ng, learner/estimator O
1: Initialize dataset D < ()
2: fort=1to T do
3: if "D’ < ng then

4 Select x; ~ Uniform(X’) // Warm-start exploration
5. else

6: Fit/update 6 using D via O

7 for each x € X do

8 Predict profit: TI(z) = p, f(x; 0) — ppx ~

9 Compute profit-gradient and curvature terms:

gn(w) = 0u11(x) = py 0o f(@;0) —poy,  Hulw) = 8311(x) = p, 97, f(2;6)
10: Compute ViOlin score:

Sy(x) =T(z) + mf@n(z)| + w5 Hu(z)]

11: end for &
12: Select z; € arg max,cx Si(x)
13:  end if

14:  Apply x;, observe yield Y;

15:  Compute profit: II; = p,Y; — pyy
16:  Update D <~ DU {(z¢, Y1)}

17: end for

5.2 Well-specified setting

Simulation setup. In the well-specified setting, data were generated according to a quadratic
plateau model of the form: N

Y () a+bx+cx?, ifx<azg
X)) = )
a—i—bxo—i—cxg, if £ > xg

where Y (z) denotes cropyyield (bu/ac) at fertilizer rate x (Ib N/ac), and a = 80, b = 1.2, ¢ =
—0.003, x¢p = 180 .were chosen to reflect realistic agronomic response curves. The profit at each
round is computed as IL(&) = p,Y (z) — p,x, with grain price p, = $5.00 per bushel and fertilizer
price p, € {0.3,0:5,0.7} $/1b N to mimic realistic prices per unit nitrogen fertilizer (such as Urea)
in the Midwest' US. Fertilizer rates are restricted to the discrete grid X = {0, 50, 100, ...,250} 1b
N/ac, and yieldsiare corrupted by i.i.d. Gaussian noise with standard deviation o = 0.5.

We evaluated five algorithms: model-based e-greedy, nonlinear UCB, ViOlin (curvature-matched
nonlinear bandit), LinUCB (linear model-based UCB), and kNN-UCB (nonparametric UCB us-
ing k = 3 nearest neighbors). Hyperparameters for each of the algorithms are chosen based on
theoretical guidelines and grid searches over multiple runs. We choose ¢; = t~1 for e-greedy in
this setting, « = 1 in UCB, linUCB and kNN-UCB for uniformity and fairness in comparison,
ain=,2.0,ap = 640 for the ViOlin algorithm based on guidelines in Dong et al. (2021). For
each algorithm and parameter configuration, we performed 10 independent simulation replicates

20
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1

2

3 Algorithm 8 LinUCB for Economic Profit Maximization

g Require: Fertilizer levels X', time horizon 7', prices py, p,, UCB parameter o

6 1: Initialize dataset D «+ ()

7 2: Define feature mapping ¢(z) = [1, z] T

8 3: fort=1to T do

9 4:  if not enough data then

10 5: Choose z; uniformly at random from X

" 6: else

g 7: Fit linear model to data: Y; ~ o(z;)" 3

14 8: For each z € X R R

15 o Predict yield: Y (z) = ¢(x)'j3 ~

16 . Compute profit: TI(x) = p, - Y(z) —pe-x

17 . Estimate variance: s?(z) = ¢(z)" (V™)p(z), where V,is'the feature covariance
18 matrix

19 . Compute UCB score: UCB(x) = II(z) 4 a - s(a)

;? 9: Select zy = arg max,cx UCB(x)

2 10: end if

23 11:  Apply x¢, observe Y;

24 12:  Compute profit: II; = py - Yy — py - 24 .

25 13:  Append (z,Y;) to D

26 14: end for

27

;S Algorithm 9 kNN-UCB for Economic Profit Maximization

30 Require: Fertilizer levels X', time horizon.Z', prices p,, p,, UCB parameter «, no. of neighbors k£
31 1: Initialize dataset D < ()

32 2: fort=1toT do

33 3:  if not enough data then

34 4: Choose x; uniformly atstandom from X

35 5:  else

g? 6: for each x € X do ~

38 7 Find k nearest/previously tried fertilizer rates to z in D

39 8: Compute average gield: ¥y (z) = 1 Z?:l Y;

40 9: Compute sample standard deviation: si(x) of yields among neighbors
41 10: Compute profit: f[k(x) =Dy - }Afk(:v) — P T

42 11: Compyite UCB,score: UCB(z) = I (x) + « - s’i/(g)

ji 12: end for

45 13: Select'®y = argmax,cy UCB(z)

46 14:  end if

47 15:  Apply &, observe Y;

48 16:  Compute profit: II; = p, - Yy —p, - 24

49 17: Append (&, Y:) to D

50 18:«end for

51

52

53 of T'=30'rounds. Each algorithm fits its specified model to the observed data and selects actions
34 to maximize estimated profit. The regret at each round is defined as the difference between the
gg average profit for the optimal arm (computed using knowledge of the true reward function) and
57
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the average profit realized by the arm selected by the algorithm, that is,
Regret, = E [II(z*; 6%) — I1(zy; 07)],

where z* denotes the arm maximizing the true profit function, 8* the true model parametersiand x;
is the arm selected at round ¢ by the bandit algorithm employed to make decisionsasThis definition
of regret translates directly into wasted profit and fertilizer input, making it'a practical metric for
resource-efficient agricultural decision-making. For each run, we record cumulative regret, average
profit, and select fertilizer rates. In order to quantify the uncertainty, we also plot the distributions
of cumulative regret and average profit over 10 replications at round 10, 20, and 30, respectively.
Note, profit, regret and all other monetary quantities are reported in $/Qc (yield in bu/ac and
nitrogen in lb/ac) unless stated otherwise.

Results and Interpretation. Figure 2 presents the average cumulative regret and the average
profit per round for each algorithm. Figure 3 presents boxplots.of the cumulative regret and average
profit for each algorithm, evaluated at rounds 10, 20, and 30, respectively, across 10 independent
replications. Several trends are immediately apparent:

e Superiority of nonlinear model-based methods: Both nonparametric (kNN-UCB) and
linear (LinUCB) methods incur substantially higher regret than the nonlinear model-based
approaches. In particular, kKNN-UCB and LinUCB accumulate regret rapidly and fail to con-
verge to near-optimal recommendations, within'the small sample budget. LinUCB, although
it does not experience a sharp initial dip in profit due to exploration, tends to settle on a
suboptimal arm and consistently incurs losses relative to the optimal strategy.

Cumulative Regret — quadratic_plateau, py =0.7 Average Profit per Round — quadratic_plateau, p,=0.7

1600 { — = &Greedy - 850
ucs -

1400 o == ViOlin
LinucB
1 == knn-uce

1000

8
3
s,
Average Profit ($)

- = e-Greedy
ucse
= V/iOlin
=+ LinuCB
=== kNN-UCB

Average Cumulative Regret ($)
\

0 5 1‘0 1’5 2‘0 2‘5 3‘0 6 é 1‘0 1‘5 2‘0 2‘5 36
Round Round
Figure 2: Well-specified, quadratic-plateau profit experiment. Actions lie in X =
{0,50,...,250} 1b N/ac with p, = $5/bu, p, = $0.7/lb N, T" = 30, and ¢ = 0.5. Left: cu-
mulative profit Tegret ($/ac). Right: average profit ($/ac). Curves show means over 10 replicates
for e-greedy,monlinear=UCB, ViOlin, LinUCB, and kNN-UCB; ViOlin and nonlinear-UCB reduce
regret fastest.

¢ Exploration versus exploitation trade-off: All algorithms that actively explore—motably
e-greedy and UCB—show a pronounced dip in profit at early rounds, reflecting the cost of
exploratory actions. In contrast, the Vi0lin algorithm, which is designed to be more ex-
ploitative (greedily maximizing predicted profit with curvature matching), avoids this initial
dipsand achieves high profits almost immediately. However, both e-greedy and UCB eventu-
ally recover and converge to policies with low cumulative regret, validating the effectiveness
of their exploration in learning the optimal fertilizer rate.
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e Uncertainty Quantification: Figure 3 highlights important differences between model-

based approaches (e.g., Vi0lin, model based UCB) against linear and nonparametrie,bench-
marks such as lin-UCB and kNN-UCB, particularly in the small-sample regime relevant to
agricultural field trials. While kNN-UCB exhibits relatively low variability across replicates,
suggesting stable short-term performance, this stability arises primarily, from smoothing
rather than from capturing the underlying input-response mechanisndy As anresult, kNN-
UCB can suffer from persistent bias, leading to consistently suboptimal mean performance.
This is evident in the profit distributions, i.e., the mean profit forrkNN-UCB consistently
lies below the lower quartile of the nonlinear model-based approaches. Im other words, the
algorithm produces profits that are reliably clustered, but around,a lower and biased cen-
ter. This suggests that while its variability is small, its systematic biasfleads to consistently
suboptimal performance.

Regret distributions with mean across replicates for quadratic_plateau, p;=0.7
Round 10 Round 20 Round 30
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Profit distributions with mean across replicates for quadratic_plateau, p,=0.7
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Wi “ NN | =E L g
. o W

8004 = — IR Y 830

780] ° ° l T ° a0 L L 1 -
760 ® . s00 ik l 810
7401 J; MeaJr: l l T

e-Greedy UCB ViOlin LinUCBKNN-UCB

Average Profit ($)

L
800 -
790 J_

e-Greedy UCB ViOlin LinUCBKNN-UCB

L
780-1 l

e-Greedy UCB  ViOlin LinUCBKNN-UCB

Figure 3: Between-run variability fer the well-specified quadratic-plateau experiment.
Boxplots summarize results across 10 independent simulation replicates at rounds ¢ € {10, 20, 30}.
Top row: cumulative regret (imv$/ac)! Bottom row: average per-round profit (in $/ac). Each
box shows the interquartile range (25th—75th percentiles) with the median; whiskers indicate the
spread; the dot marks the meéan.

In contrast,/monlinear model-based algorithms exhibit higher run-to-run variability due to
parameter, estimation uncertainty, particularly in early rounds when data are scarce. How-
ever, these algorithms leverage structural assumptions that align with biological processes,
enabling fagter convergence to the true optimum as more data accrue.

Similar trends{were /observed across other values of the fertilizer price p, and for all nonlinear
responge models considered. Taken together, these simulation studies demonstrate a consistent ad-
vantage of nonlinear model-based bandit algorithms over both nonparametric and linear parametric
altermatives inssmall-sample regimes. Based on these findings, we subsequently focus our compar-
isons on the family of nonlinear model-based algorithms, investigating their relative strengths
under a range of simulation scenarios to clarify which approaches are most advantageous in which
settings:
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Running Proportion of Most Frequently Selected Fertilizer Over Time
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Figure 4: How the algorithms’ fertilizer-rate choices evolve over time (well-specified
quadratic plateau). Actions are chosen from X’ =40, 50, ...,250} Ib N/ac. (a) For p, = $0.5/1b
N, the running proportion of times each nitrogen rate has been selected up to round ¢ is shown for e-
greedy, nonlinear-UCB, and ViOlin (averaged over 10 replicates). (b) The most frequently selected
nitrogen rate at each round isyshown for fertilizer prices p, € {0.3,0.5,0.7} $/1b N, illustrating
how higher fertilizer cost shifts thelearned decision toward lower nitrogen rates.

In this next part of the simulation study, we focus on illustrating the implications of using the
three non-linear model-based bandit algorithms for learning fertilizer rates sequentially with the
goal of profit maximization. AAgain in a small-sample regime, we run each of our algorithms for
T = 30 rounds andweplicatereach run 10 times. Since our algorithms choose arms over time,
it is important to visualize how the arm choices evolve over time for each of the algorithms. In
Figure 4(a), we plot thexunning proportion of fertilizer rate ranging from {0, 50, ...,250} 1b N/ac,
selected at each,round by each of the algorithm over the 10 replicates for the quadratic plateau
model for p, =$0.5/1b N to mimic realistic prices per unit nitrogen fertilizer (Urea) in the Midwest
US. Note that in the beginning, the UCB and e-greedy (e; = ¢t~ 1) explore other arms such as
x = 100, 150 IbAN /ac| but just after a few rounds of exploration, learn the better arm to be x = 200
Ib N/acaWi0lin is‘more greedy from the beginning itself as can be seen by the proportions of
other arms (other than purple) selected in the initial rounds. In Figure 4(b), in order to assess the
affect offincreasing fertilizer prices on decision-making for profit maximization, we also plotted the
ayerage selected fertilizer rate over time for the three algorithms. We note that the optimum arm
(fertilizer Tate) choice decreases as p, (price per unit) increases from $0.3 to $0.7/1b N.

Additienally, since our decisions depend significantly on how well our parameters for the non-linear
model are estimated over time, in Figure 5, we also plot the parameter trajectories over time for
the quadratic plateau model with p, = $0.5/1b N. Note that all the three algorithms, as data
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accumulates, the parameter estimates stabilize close to the true parameter values that were used
to generate the data. In terms of interpretability, one can, for example, look at the parameter
estimates for xy (bottom right), which denotes the threshold value at which the quadratic model
plateaus, thus reflecting the saturating point over rounds (or seasons), beyond which additional
fertilizer amount provide little benefit. In our simulations, we also examinedisthe sensitivity of
parameter estimation to initialization. Because nonlinear least-squares fitfing ishiterative;ythe
choice of starting values can influence convergence, particularly in small-sample regimes.” To reflect
realistic practice, we initialized parameters at values close to but not equalyto the true generating
parameters (see Section E in the Appendix for explicit values used in/each model). We observed
that biologically plausible initializations led to faster and more stable\convergence, while poor
starting values could slow parameter recovery. In practice, we recommend-using domain knowledge
(e.g., agronomic ranges for maximum yield, response rates, or plateau points) to set initial values
when fitting nonlinear models. We conducted similar experimentgifor the.6ther non-linear models
and those results are presented in the Appendix.

Parameters Over Time — Quadratic Plateau,— p, = 0.5
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Figure 5: Model-parameter learning over time (well-specified quadratic-plateau). For
pr = $0.5/1b N and 7' =30, we plot estimated (a, b, ¢, zg) for e-greedy, nonlinear-UCB, and ViOlin;
The horizontal red\line denotes the true value. Parameter estimates stabilize over time, indicating
that the response curve can be learned from sequential data within the horizon considered. (One
representative replicate is shown; similar behavior occurs across runs. )

5.3 Misspecified setting

Simulation:Setup. To mimic a realistic situation in which the decision-maker fits an approxi-
mate but ‘shape-compatible model, we generated data from the Mitscherlich response

Yirwe () = A(1 - e—b@—d)) . A=120, b=0.015, d = 80,
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yet fitted a quadratic-plateau curve
Y (z) = a + bz + cz? for = < xo,

truncated at zog = 180 and takes the same value a + bxg + cx% for x > xg." All other ingrédients
are identical to the well-specified experiment except that we increase the time horizon to,1" =
100, specifically, price grid p, € {0.3,0.5,0.7} $1b=! N, yield price p, = $5.00 bu=y action set
X ={0,50,100,...,250} Ib N /ac, noise 0 = 0.5, and the 5 algorithms: e-greedy, nonlinear-UCB,
ViOlin, LinUCB, kNN-UCB. 10 independent replicates were run for each algorithm and price.

Figure 6 plots the average cumulative regret when the fitted quadratic-plateau and Michaelis
Menten model is misspecified with respect to the true Mitscherlich proeess. Relative to the
well-specified case, the model-based regret curves shift upwards, wwéflecting the price of fitting
an approximate response surface. Yet their slopes remain moderate, indicating that the fitted
quadratic-plateau still guides the search toward profitable regions quickly. Note, that similar to
the well-specified setting, the model-based non-linear bandits perform better than the linear and
non-parametric baselines.

Cumulative Regret (True: Mitscherlich, Fit: Quadratic Plateau, p,=0.7) Cumulative Regret (True: Mitscherlich, Fit: Michaelis Menten, p, =0.7)
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Figure 6: Profit regret under model misspecification. Data are generated from a Mitscherlich
(truth) yield curve, but the'learner fits a different parametric family. We use p, = $5/bu, p, =
$0.7/Ib N, X = {0,50,...,250} b N /ac, 0 = 0.5, and T" = 100. Left: quadratic-plateau
fit; Right: Michaelis-Menten fit. /Curves show mean cumulative profit regret (in $/ac) over 10
replicates for e-greedy, nonlinear-UCB, ViOlin, LinUCB, and kNN-UCB. Under misspecification,
regret increases for.all methods, but nonlinear model-based policies remain competitive.

Although the quadratic-plateau form cannot capture the exponential approach to an asymptote
exactly, its concave-then-flat shape matches the broad geometry of the Mitscherlich curve. As
a consequence, all three.nonlinear model-based algorithms, e-greedy, UCB, and ViOlin continue
to accumulate substantially less regret than the linear (LinUCB) or non-parametric (kNN-UCB)
baselinesi These.results highlight the resilience of shape-compatible models under misspecification
and point to rich opportunities for deeper theoretical and empirical study. Although ViOlin’s
greedier,,curvature-penalized score again avoids the large initial dip seen in UCB and e-greedy,
nete that UCB and e-greedy seem to perform comparably, especially in the Michaelis Menten fit,
perhaps suggesting that exploration might help in misspecified settings. Other details can be found
in the, Appendix.

Similar to the well-specified setting, we also plot the running proportion of arms over time and
the most frequently selected arm trajectories in Figure 13 (a) and (b) respectively in Appendix E.
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Although the arm selections remain mostly similar as in the well-specified settings, wé donnotice
that UCB tends to explore more in the misspecified setting (with the same exploration parameter
a =1 as in the well-specified setting), which also results in better parameter estimates for UCB
as is seen in Figure 14 in Appendix E.

These findings underline a pragmatic principle for on-farm experimentation: when'the shaperof the
assumed response is qualitatively correct, e.g. monotone-increasing with a Pplateau, model-based
bandits remain sample efficient even if the functional form is wrong. Conversely, generic linear or
purely non-parametric methods may demand far more data before converging, anluxury seldom
available to smallholders. Hence, coupling modest domain knowledge with sequential decision-
making promises a robust path toward Sustainable Development Goal 2 by enabling data-scarce
producers to improve input efficiency without costly large-scale trials.

6 Real data analysis: Optimizing nitrogen rates for corn in the
U.S. Midwest

We evaluate the proposed bandit algorithms on publicly available multi-site corn nitrogen field-
trial data from a public-industry partnership spanning the 2014-2016 growing seasons, collected
under standardized protocols across U.S. Midwest institutigns (Ransom et al., 2021). For re-
producibility, we construct an analysis-ready subset/{by retaining only the variables needed for
sequential decision-making (state, site, yearpblock, nitrogen rate, and yield), removing incomplete
records, and harmonizing formats; the processedifiles are provided in the supplement and variable
descriptions in Table 7 of the Appendix.

6.1 OfHine replay protocol and profit objective

The goal is to assess whetherdbandit-style decision rules can adaptively choose nitrogen rates to
improve an economic objective. Because the trials were not run sequentially for online learning, we
evaluate policies using an offline replayprocedure: we treat each round as a grouped set of plots
sharing the same environment'and management conditions, and within that round the available
actions are the nitrogen rates observéd in that group. These rounds should be interpreted as
decision instances rather thanfa true temporal sequence.

Two complementary, regimes. We report results in two settings that mirror data availability
in practice: (i) a data-limitedscase study at a single site, and (ii) a pooled multi-site evaluation
that aggregates across similar environments. Specifically:

1. Single-site case study (short horizon): Urbana, IL (2014-2016), with rounds defined as
(Yearg Block). With blocks € {1,2,3,4} and years € {2014, 2015,2016}, this yields 7' = 12
rounds. In other words, we fix State = IL and Site = Urbana, and treat Block € {1,2,3,4}
asgeographically similar sub-units within the site observed over Year € {2014, 2015, 2016},
giving T' = 3 x 4 = 12 rounds.

2 Pooled low-productivity evaluation (longer horizon): We pool all observations la-
beled Site_Prod = low, where Site_Prod is the dataset’s within-state productivity label
indicating that a site-year falls into the lower-yielding group relative to other sites in the
same state (based on the study’s baseline/expected-yield information). Rounds are defined
as (State, Site, Year, Block), yielding a modestly larger horizon (e.g., T' &~ 56 in our
filtered sample; see Table 8 in the Appendix for locations and counts). Restricting to the
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low-productivity subset reduces cross-round heterogeneity so that a single non-contextual
policy is meaningful; otherwise, the profit-maximizing nitrogen rate can vary/Substantially
across environments and would naturally call for a contextual (covariate-dependent) model.

Profit objective. In both regimes we optimize II(z) = p,Y(x) — ps, where Y(&)is yield
(bu/ac) at nitrogen rate x (Ib N/ac), p, is the corn price ($/bu), and pyais the nitrogem,cost
($/Ib N). We use year-specific corn prices from publicly available summarysdata (USDA National
Agricultural Statistics Service, 2017) and compute p, from December Midwest, urea prices using
urea’s 46% N analysis (Yara North America, Inc., 2018); the resulting year-by-year values are
summarized in Table 9 in the Appendix.

Bandit feedback, oracle benchmark, and regret. Within ea¢h round; multiple nitrogen-rate
treatments are observed (with replicated plots), but the policy selects a single rate x; and the
replay reveals only the corresponding realized outcome (mean over replicates at zy, i.e., mean-
reward mode), thereby emulating bandit feedback. The underlying experiment that generated the
original data uses a randomized complete block design (RCBD), so outcomes for all treatments
are available within each round for evaluation (Ransom/et aly,2021). We define the within-round
oracle action (best mean profit among the observed rates in thatwound)

x} € argmax 1 (&),
t g e, t( ) &
where &; is the set of observed nitrogen rates,in roundit and II;(z) is mean profit across replicates

at rate z. We then compute per-round regretias #p= I1;(z}) — II;(z¢) (unit in $/ac) and cumulative
regret Ry = Zi:l rs (units in $/ac), reporting both 'R, and R, /t.

To reduce sensitivity to a single ordering, we'repeat the offline replay over 100 randomized order-
ings; for the pooled analysis we sort rounds by year and shuffle within year, then average curves
across replays.

6.2 Results

Figure 7(a)-(d) summarize offline replay performance in terms of cumulative regret R, = 22:1 T's
and average regret R;/t, wherd r; = 11;(z}) — II;(z¢) is the within-round profit gap to the oracle
benchmark as defined above. We report mean trajectories over 100 replay replications, with
pointwise 95% confidence bands:

Algorithms compared. Inthe single-site case study, we compare the three nonlinear model-based
strategies with profit maximization objective, i.e., model-based e-greedy (Alg 5), nonlinear-UCB
(Alg. 6), and ViOlin (Alg. 7), and nonparametric k-NN UCB (Alg. 9) against a random baseline
that selects @ nitrogen rate uniformly at random from the rates available in each round. For the
pooled low-productivity analysis, we additionally include LinUCB (Alg. 8) and kNN-UCB (Alg. 9)
as parametric and nonparametric benchmarks, respectively. In all model-based methods, the fitted
reward model is the quadratic-plateau response with the profit objective II(z) = p,Y (x) — pyx
(Sectiomy2.1), and regret is measured in profit units ($/ac).

Urbana, IL (short horizon; 7" = 12 rounds). In the data-limited Urbana, IL case study
(rounds defined by year x block), the nonlinear model-based algorithms consistently reduce regret
relative to the random baseline (Figure 7(a)-(b)). Both the cumulative regret curves (left) and
the corresponding average regret R;/t curves (right) show that leveraging agronomically motivated

28

Page 28 of 46



Page 29 of 46

oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - ERC-104442.R2

nonlinear structure can be substantially more sample-efficient when only a handful of décisions are
available.

Offline replay (case study, IL-Urbana, 2014-2016) Average regret (case study, IL-Urbana, 2014-2016)
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Figure 7: Offline replay onmireal multi-site corn nitrogen trials (2014-2016): profit
regret under a quadratic-plateau model. Reward is per-acre profit Il(z) = p,Y () — py,
where p, is the corn price (USDA-NASS Crop Values) and p, is the nitrogen cost as in Table
9. Panels (a)-(b) show the data-limited Urbana, IL case study with rounds defined by (Year,
Block) (T = 12). Panels (¢ (d) 8how-the pooled low-productivity evaluation with rounds defined
by (State, Site, Year, Blogk) (longér horizon). Curves are means over replay replications; shaded
bands are pointwises95% confidence intervals.

Low-productivity sites across states (longer horizon; 7' ~ 56 rounds). When pooling
all low-productivity site-years across states (rounds defined by state x site x year x block),
we observe a different pattern (Figure 7(c)-(d)). After an initial transient, the nonparametric
kNN-UCB bhécomes inereasingly competitive and can outperform the parametric baselines, while
LinUCB degradés under cross-site heterogeneity. This is consistent with the fact that a single
global linear approximation is poorly suited to multi-environment (different locations) response
variability, whereas local smoothing in action space can provide robustness once sufficient history
accumulates.

Taken together, these results mirror the main message from the simulations while highlighting a
practical distinction between regimes: under short horizons, nonlinear model-based bandits provide
clear benéfits over uninformed baselines, whereas under longer horizons with heterogeneous pooled
environments, flexible nonparametric benchmarks can become competitive. Extending to mixed
productivity regimes is natural future work using contextual bandits with site and soil covariates.
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7 Conclusion and discussion

We developed and evaluated nonlinear, model-based bandit algorithms for sequential fertilizer
decision-making using agronomy-standard mechanistic yield-nitrogen response families (Mitseher-
lich, quadratic-plateau, Michaelis-Menten, and logistic). By framing nitrogen-rate selection as an
online learning problem, these models become interpretable decision rulesthat update ashdata
accrue. Our primary objective is economic: we optimize profit (revenuesminus fertilizer cost)
rather than yield alone, so recommendations directly reflect realistic input-costitrade-offs. To our
knowledge, our study provides one of the first systematic comparisons/in the data-limited regime
demonstrating when agronomy-standard nonlinear response modeling embedded in bandit deci-
sion rules yields clear advantages over linear and model-free baselifies for prefit-oriented nitrogen
recommendations made sequentially across seasons.

In simulations, nonlinear model-based bandits achieved substantially. lower profit regret than linear
and nonparametric baselines in well-specified settings, highlighting thewalue of incorporating do-
main structure in small-sample regimes. Under misspecification,performance degrades as expected,
but mechanistic models remain competitive when they' provide a reasonable approximation and
data are limited. We also included an offline replay cage study on publicly available multi-site corn
nitrogen trials (Ransom et al., 2021), which corroborates the practical message: in short horizons,
nonlinear model-based strategies can be more sample-efficientythan uninformed baselines, while in
longer pooled (multiple locations) regimes, nonparamietric methods can become competitive.

Beyond average performance, it is important te characterize the uncertainty surrounding recom-
mended nitrogen rates, particularly given the inherent complexity of agroecosystems. Our nonlin-
ear model-based framework provides ingredients\for such summaries through parameter covariance
estimates, which can be propagated to,quantify uncertainty in predicted profit and in the profit-
maximizing rate. Rather than reporting enly a point recommendation, future implementations
could present near-optimal ranges of nitrogem rates whose predicted profits are statistically in-
distinguishable from the maximumy highlighting when the optimum is sharply identified versus
when modest rate adjustments carry limited economic risk (Palmero et al., 2026). Developing
decision-oriented uncertainty reporting and risk-aware extensions, such as, coherent risk measures
(e.g., CVaR) or posterior sampling strategics (e.g., Thompson sampling) within nonlinear bandit
frameworks is therefore an important direction for future work.

Several other directions meritifurther work: (i) principled model selection/averaging within the
bandit loop to improve rebustuness to misspecification; (ii) extensions to spatially varying or multi-
dimensional decisions (eug., variable-rate application); (iii) contextual and nonstationary formula-
tions that incorporate soil/weather covariates and season-to-season shifts; and (iv) tighter regret
guarantees under structured misspecification and extensions to delayed or partially observed out-
comes.

Reproducibility statement

Allsimulations were implemented in Python 3.11 using standard scientific libraries (NumPy, SciPy,
Matplotlib). We report the data-generating processes, parameter values, and hyperparameters
in full within the paper and Appendix, including initial values used for nonlinear least-squares
estimation, fertilizer and grain price settings, and noise levels. Each experiment was repeated
independently across 10 replicates with fixed randomization schemes to assess variability. The
code to reproduce all simulation experiments and figures, together with the analysis-ready files
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used for the offline real-data replay evaluation, are provided in the Supplementary Material and
will be made publicly available on GitHub upon publication.
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Appendix

A Additienal Background on expressive parametric function classes.

In this sectiony we discuss the more expressive Neural bandits and provide regret summaries for
bandit algorithmspertaining to other parametric model classes as discussed in Section 4.

Neural Bandits Recent work has extended bandit algorithms to highly expressive nonlinear
function classes via neural networks. For instance, NeuralUCB (Zhou et al., 2020) achieves regret
rates of order

Ry = 5(&@)\/?) ,
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where cZ()\) is the effective dimension of the neural tangent kernel associated with the @nderlying
network. For example, for a two-layer ReL U neural network with input dimension d and widthim,
it holds that d(\) < dpoly(m,log(T/))), so that the regret rate can be written as

Ry = O (dpoly(m)VT).

Here, poly(m, -) denotes a polynomial function of the network width and the indicated,arguments.
Thus, the regret bound increases with both the expressiveness of the neural metwork (through m)
and the ambient input dimension d, but retains the /T scaling charactexistic of parametric (linear)
bandit models. However, these improvements come with heavy computational ‘costs, the need for

large data, and limited interpretability.
~

Table 3: Typical regret rates for common stochastic bandit models (for context). Here
T is the number of decision rounds (the “time horizon”) and d is themumber'of covariates (features).
The notation O() hides logarithmic factors. The NeuralUCB entry depends on the neural-network
width m and other architecture constants; see the cited reference for details.

Model Class Regret Bound eference

Linear Bandit O(dvV'T logT) Abbasi-Yadkori et al. (2011)
GLM Bandit O(dV'T) Filippi et al. (2010)
Nonparametric (Lipschitz, RKHS) 5(T%) rSlivkins (2014)

NeuralUCB (2-layer NN) Q(dpoly(m)vT) | Zhou et al. (2020)

B Rademacher complexity for parametric nonlinear function classes

Proof of Theorem 2. We follow the approach of Rakhlin et al. (2015b). Let Ni(«, F,T') denote
the sequential covering number.in the ¢;-norm at scale a. From equation (9) of their paper, we
have:

mT(}_)Sa_i_\/QlogNl](ja,]:,T). ©)
N

Using Corollary 1 from the same paper, the £,.-sequential covering number satisfies:

2T ) fatq (]'—)

(0%

Moo 1) < (
and since Ni(a, F,T) < Neo(av, F,T), we obtain:

log Ni(a, F, T) < fatq(F) - log <2(;T> . (10)

For anyfelass F\€* Br, Br|*, we have from Theorem 10 of Rakhlin et al. (2015a):

9Br
.

o (7)< |

Nowy, using the bounds in (10) and (11) in (9) and choosing o = B—\/%, we get:

PBﬂ - {Q\Fﬂ <3VT, log <2‘;T) = log <2€§j2> = O(log 7).

(07
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Thus,
Br 6VT -logT  Br 6log T
Rr(F) < —=+\|————=—F7%=+ .
"R S FT T vT '\ VT
The dominant term is Bff V};gT, so we conclude:
logT
Rr(F) < C- By~

for some universal constant C'. 0

B.1 Computation of the model-dependent bound Bz

Figure 1 visualizes the upper bound in Theorem 2 using a model-dependent magnitude bound Br.
For each yield-response family F, we define
Br:= sup |f(z;6)};
2€[0,250]
where the domain [0, 250] matches the fertilizer rangeased in the simulation study (Section 5) and
f(+;0) is evaluated under the parameter settings uséd in, that section.
L

Example: quadratic-plateau. For the,quadratic-plateau model

Y () a+but cx?, x < xp,
xr) =
a+bxo+cx(2), T > xg,

with (a, b, ¢, z9) = (80,1.2,—0.003, 180),and é= 0, the quadratic component is concave on [0, x|
and the function is constant for x > xy. Hence the maximum on [0, 250] occurs at x = ¢, and

Bap = sup f(z)=f(z0) = 80 + 1.2(180) — 0.003(180)? = 198.8 bu//ac.
x€[0,250]

Values used in Figure 1. For the other model families (Mitscherlich, Logistic, and Michaelis—
Menten), f(x) is monotone incréxsing on [0,250] under the parameters used in Section 5, so Br
is attained at x = 250. Table 4 lists the resulting values.

Table 4: Model-dependent betnds Br = sup,cjo250) |/ ()| (bu/ac) used in Figure 1, computed
under the parametersettings in Section 5.

Model family #  Br (bu/ac)

Quadratic-plateau 198.80
Mitscherlich 197.18
Logistic 189.77
Michaelis—Menten 167.14

C+"Finding optimal profit maximizing arms for different non-linear
models

Recall that II(x) expresses the trade-off between revenue from yield and the cost of input. To find
thereconomically optimal fertilizer dose z*, we differentiate the profit function with respect to x:
Below, we derive x* for each model considered in this work.
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Mitscherlich Model:  The Mitscherlich yield response is
Y(z) = Al — e ),

so the profit function is

The optimal dose x* solves

dll —bx
%:pyAbe _pw:O7
giving
¥ =—=1In ( Pz > o
b pyAb

Note: If pfixb > 1, then z* = 0.

Quadratic Model with Threshold Suppose

Y () a+br+cx?y <o
€T o
a+bx0+cx(2), > X

L
with threshold xg. Then
II(z) =p, Y (x) =pir.
For z < x, set the derivative to zero:
dIl L (p

Thus,

1 (px
x* /= min {wo, max{(), — <p — b) }} .
2¢c \ py

If © > x, profit decreases with increasing .

Michaelis-Menten, (MM) Model With

ar
the profit is
ax
M) =Py g2~ Pt

Setting the derivative to zero,

dIl ab abp

—_— = 5 — Pz = b 2 = Y

- py(b+x)2 p:=0 = (b+u) .

b
ot = | 2Py,
Pz

Weiset «* = 0 if the right side is negative.
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Logistic Model For the logistic response

A
V(@) = I —sa-op
profit is
(z) — A
(z) = py 14 o—BG—C) Dz.
Let u=e B0 g0z =C— % Inu. Setting the derivative to zero,
Bu
A0
Py (14 u)? Pz ~

which yields a quadratic in u:

Bp,A
u2+(2— Py >u+1=

Pz
Let
_ Bp,A
pa "
The positive root is y
~9_ 0V
e (=2 4
2
and the optimal dose is
1
70 = Inu

If u* <0orax*<0,set z* =0.

D Baseline Algorithm descriptions

We compare the non-linear mo@l based algorithms to the nonparametric and linear baselines.
Specifically, we compare these with the LinUCB and k-Nearest Neighbor UCB algorithm. For the
sake of completeness, we deseribe these algorithms below.

The LinUCB algorithm (Algorithm 8) is a classic model-based bandit method that assumes a
linear relationship betweenithé reward and the action (or its features). At each round, LinUCB
fits a linear regression model to the observed data (line 7) and predicts the expected yield for
each fertilizer rate (line 8a). It computes an upper confidence bound (UCB) for each action by
adding a model-basedmuncertainty term, proportional to the standard error of the prediction, to
the profit estimate (lines 8b-d). The fertilizer rate with the highest UCB is selected for the next
trial (line 9), balancing exploration of uncertain arms and exploitation of high-yield arms. While
LinUCB is efficient and easy to implement, its performance can degrade if the true reward function
is nonlinear or misspecified.

The kNN-UCB algorithm (Algorithm 9) is a nonparametric bandit method that does not assume
a specificanodel for the yield response. Instead, for each candidate fertilizer rate, it estimates the
expected yield by averaging the observed yields of the k& most similar (nearest) rates previously
tried:(line 8). The uncertainty in this prediction is quantified by the sample variance among these k
neighbors (line 9). As with LinUCB, an upper confidence bound is constructed for each candidate

39



oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - ERC-104442.R2

rate (line 11), and the rate with the highest UCB is selected (line 13). Although kNN-UCB is
robust to model misspecification and can capture complex nonlinearities, it generally Fequires more
data to achieve accurate estimates, particularly when the action space is large or sparsely explored.

D.1 Toy Illustration of Algorithm Behavior

To make the exploration—exploitation logic more tangible, we provide a simple illustration using a
Mitscherlich yield function
Y(z) = 80+ 120 (1 — e %0157,

with crop price p, = $5 per unit yield (bu™!), fertilizer cost p, =«$0.% per unit (Ib=! N), and
action grid {0,50,100, 150,200} 1b N /ac. Table 5 shows four rounds_ef*decision making under
three algorithms: e-Greedy, UCB, and ViOlin.

Table 5: Toy demonstration of algorithm behavior (profit in $).

Round e-Greedy UCB ViOlin
Action Profit Action Profit Action Profit
Explore 50 541 | Explore 100 61 Explore 50 540
Explore 150 650 | Explore 150 648 | Exploit 150 649
Exploit 150 648 | Exploit«150s, 647 | Exploit 150 648
Explore 50 541 | Explore 200 2648 | Exploit 150 647

= oD

This toy comparison highlights the distinet decision logics:

e c-Greedy alternates between random exploration and exploiting the currently estimated best
dose.

e UCB incorporates an explicit uncertainty bonus, occasionally sampling higher but uncertain
doses (round 4).

e ViOlin emphasizes curvature and stability, quickly converging to the plateau dose and avoid-
ing unnecessary exploration.

Even in this simple 4-round setting, the three strategies exhibit clearly different exploration styles.
Such illustrations help convey 4o applied readers that algorithm choice affects not only long-run
performance, but also the sequence of recommendations farmers may observe in practice.

E Additional*Simulation Results

In this section,‘we present the simulation results for other non-linear models that we considered
in the simulation experiment of Section 5. First for the well-specified setting, we present the
results for the Liogistic ‘and Mitscherlich model that was fit instead of quadratic plateau model.
For reproducibility, Table 6 reports the true parameter values used to generate data in our sim-
ulations, alongside the initial values supplied to the nonlinear least-squares estimation routines.
These initialization choices were selected to be reasonably close to the true parameters, reflecting
whatimight, be‘obtained from domain knowledge or prior agronomic experiments. As discussed in
Section 5,4good initialization improves convergence in small-sample regimes, though all algorithms
eventually stabilize near the true values as data accumulate.

Well-specified setting: Additional results The same hyperparameter choices were made for
the algorithms as in the well-specified setting in Section 5. Namely, we use ¢; = t~® to encourage
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1

2

i Table 6: True and initial parameter values used in simulation studies.

5 Model True Parameters Initial Values

6 Mitscherlich A =120, b=0.015, d =80 A=100, b=0.01, d=75

7 Quadratic Plateau | a =80, b= 1.2, ¢ = —0.003, o = 180 | a = 75, b= 1.0, e.= —0.002; o =160
Michaelis—-Menten | a = 150, b = 100, d = 60 a =120, b= 80, d =50

2 Logistic A=120, B=0.05, C =125, d=70 | A=100, B = 0.03, €'= 100, d =65

10

1 exploitation sooner than later, o = 1 for UCB and a1 = 2, as = 640 for ViOlin. Each algorithm

12 was run 10 times and T" = 30 to emulate data-limited setting.

:II 2 Average Cumulative Regret — Logistic — p, = 0.5 Average Cumulative Regrét — Mitscherlich — p,= 0.5

15 1400 ;i:::::i:::j::::._f:i::::fiﬁ::

16

17 :

18

19 3 wo

20

21 : 3

23

24 Figure 8: Additional well-specified results (p, = $0.5/1b N). Average cumulative profit

25 regret ($/ac) over T' = 30 rounds for the logistic (left) and Mitscherlich (right) response models,

26 comparing model-based e-greedy (e; = t~49)ynonlinear-UCB (o = 1), and ViOlin (o = 2,0 =

27 . . :

28 640). Curves are averaged over 10 independent simulation runs.

29

30

Parameters Over Time — Logistic — p, = 0.5

31 . T 1 Bandit Algorithm
/
’
o\
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i
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“ 005 ke S
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Bandit Algorithm 0.04 ‘;3
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49 Figure 9: Parameter-learning trajectories (well-specified logistic model; p, = $0.5/1b
50 N). Estimated logistic parameters over T = 30 rounds for model-based e-greedy (¢ = t~1),
51 nonlinear-UCB (o = 1), and ViOlin (o = 2, a2 = 640). Red horizontal lines denote the true
parameter values; one representative run is shown.

It'can,be noted from Figure 10 that while the arm choices remain mostly similar in the Logistic
model to that of Quadratic plateau model, for the Mitscherlich model the ViOlin algorithm seems
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to choose x = 250 In N /ac more than other choices, which seems also reflect in the worsenediregret
for ViOlin in Figure 8. We hypothesize that this is because, as the yield curve quickly saturates,
the local curvature used for exploration in ViOlin becomes very small, causing the algorithm to
underestimate uncertainty and prematurely stop exploring. Also, we notice,greater variability in
the estimation of parameters especially in the Logistic model as can be seen in‘Eigure 9.

Running Proportion of Most Frequently Selected Fertilizer Over Time
Logistic — p, = 0.5

Epsilon-Greedy ucBe Violin

=
. 3
o )
.

Fertilizer Rate (Ib Njac) | 2 %

—o w0 || B

3 1

2 0. +

: i
5

g
2 Fertilizer Rate (Ib N/ac)
7 — 0 e 150
’

—= 50 == 200
— 100 == 250

—=50 == 200
— 200 == 250

Proportion selected up to round

Running Proportion of Most Frequently Selected Fertilizer Over Time
Mitscherlich — p, = 0.5

Epsilon-Greedy uce Violin

2 a
Fertilizer Rate (Ib N/ac) - l \ L <
g 4 A —o0 -0 | 8

Proportion selected up to round

(b)

Figure 10: Fertilizer-rate choice dynamies in the well-specified setting (p, = $0.5/1b N).
Running selection proportions ever 7' = 30 rounds for the most frequently selected nitrogen rates
(Ib N/ac) under e-greedy, nonlimear-UCB, and ViOlin. (a) Logistic response; (b) Mitscherlich
response.

A S

Misspecified setting: Additional results To complement the main-text regret comparisons
(Figure 6), we provide additional diagnostics illustrating learning dynamics when the fitted model
is misspecified relative to the true data-generating process. Figure 14 reports the trajectories of
the fitted quadratic=plateatnparameters over time when data are generated from a Mitscherlich
response. Although the fitted functional form is imperfect, parameter estimates stabilize toward
pseudo-true valuesithat approximate the underlying exponential saturation curve on the discrete
nitrogen grid¢ Figure 13displays the evolution of fertilizer-rate selection frequencies across rounds.
Consistent with/the tegretiresults, nonlinear model-based algorithms concentrate their selections
on economically favorable regions of the action space after an initial exploration phase. These
diagnostics illustrate that even under functional misspecification, shape-compatible parametric
models can guide the bandit search toward profitable nitrogen rates in data-limited regimes.
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Running Proportion of Most Frequently Selected Fertilizer Over Time — p, = 0.3
True: Mitscherlich - Fit: Quadratic Plateau
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14 Running Proportion of Most Frequently Selected Fertilizer Over Time = p,= 0.7
True: Mitscherlich - Fit: Quadratic Plateau
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25 Figure 11: Fertilizer-rate choice dynamics under misspecification (true Mitscher-
lich; fitted quadratic-plateau). Running selectiond proportions for each nitrogen rate in
X =1{0,50,...,250} Ib N/ac over T" = 100 rounds (averaged over 10 replicates) for model-based
29 e-greedy (¢, = t~19), nonlinear-UCB (o = 1)j.and ¥i0lin (a; = 2, = 640). Panels compare
30 two fertilizer-price regimes: (a) p.4="$0:3/lb N and (b) p, = $0.7/lb N. Higher fertilizer cost
31 shifts the learned policies toward lower mitrogen rates.

34 Average Cumulative Regret— p, = 0.3 Average Cumulative Regret — p, = 0.7
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44 Figure 12: Profit eumulative regret under model misspecification (true Mitscherlich;
45 fitted quadratic-plateau). Average cumulative regret (in $/ac) over 7' = 100 rounds for model-
based e-greedy A{e; = t~'®); nonlinear-UCB (a = 1), and ViOlin (a; = 2,2 = 640), averaged
over 10 xeplicates. Panels compare two fertilizer-price regimes: left p, = $0.3/lb N and right
49 Pz = $0.7/1b Ny
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Running Proportion of Most Frequently Selected Fertilizer Over Time — p, = 0.5
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Figure 13: Fertilizer-rate choice dynamics under misspecification (true Mitscherlich;
fitted quadratic-plateau). Actions are chosen from X = {0,50,...,250} Ib N/ac over T' = 100
rounds. (a) For p, = $0.5/1b N, runningselection proportions for each nitrogen rate are shown
for e-greedy, nonlinear-UCB, and ViOlin(averaged over 10 replicates). (b) The most frequently
selected nitrogen rate is shown for p, € {0:3,0.5,0.7} $/Ib N, highlighting how fertilizer price
affects the learned policy when thefitted model is imperfect.

For the misspecified setting, for@e same combination with the true model being Mitscherlich and
fitted model being Quadratic plateau, we illustrate the effect of changing the level of fertilizer price
from $0.3 to $0.7 per unit Ib N. The same hyperparameter choices are made as in the misspecified
setting of Section 5.

Figure 11 (a) corresponds te px = 0.3 while Figure 11 (b) corresponds to px = 0.7. Note that,
both UCB and ViOlin eapture that as the price increases the most frequently chosen arm over
time becomes £ =150 (brown dotted line) instead of x = 200 (purple dashed dotted line). This
sort of adaptive learning”is a robustness check on how effective the decision-making is towards the
goal of profit maximization. However, e-greedy failed to adapt to this change, perhaps due to a
fast decaying € which made it get stuck on a sub-optimal arm in the initial rounds. This is also
reflected in the poor regret performance by e-greedy in Figure 12.
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Parameters Over Time — p, = 0.5
True: Mitscherlich - Fit: Quadratic Plateau
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Figure 14: Estimated parameter trajectories under misspecification (true Mitscherlich;
fitted quadratic-plateau). Shown for p, = $0.5/1b Nuover 7' = 100 rounds. Panels track
fitted quadratic-plateau parameters (a, b, c,x¢) for e-greedy, nonlinear-UCB, and ViOlin. The red
reference line denotes an oracle (pseudo-true)hparameter'value obtained by fitting the quadratic-
plateau form to the noiseless Mitscherlich mean response on the same nitrogen grid X (used only
as a benchmark).

F Data description

We complement the simulationsgtudy with an offline evaluation on a multi-site nitrogen-rate trial
dataset for corn production in the U.S."Midwest (Ransom et al., 2021). Our analysis uses the
processed file expanded_datatcsy; which aggregates all available trials across sites and states over
2014-2016. We also use restricted subsets of this file for illustrative case studies, e.g., Urbana, IL.

Experimental layout and key variables. The underlying field experiments follow a randomized
complete block design (REBD) within each site-year, with four spatial blocks (Block € {1,2,3,4})
that are geographieallyyclosel Each plot receives a planting nitrogen rate Plant_N (Ib N/ac)
taking values in {0, 40, 80,120, 160, 200, 240, 280}, and the response is recorded as yield Yield_Bu
(bu/ac). The dataset also includes an agronomically motivated baseline covariate ExpectYieldl,
representing the expected yield for that site based on prior yield history and growing conditions,
and a site-level productivity label Site_Prod indicating relative productivity (high vs. low) within
each statenTable 7 lists the variables retained in expanded_data. csv for the offline replay analysis.
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Table 7: Column names in the processed field-trial dataset used for offline/replay.

Column Description (brief)

Trial# Trial identifier

Year Growing season year

State U.S. state code

Site Site/location name

Site_Prod Site productivity class (e.g., low/high)

Block Block index within site-year (RCBD block)

Plant_N Nitrogen application rate (Ib N/ac)

Yield_Bu Observed corn yield (bu/ac)

ExpectYieldl Expected yield covariate (as provideddin source data)

-

Low-productivity pooled subset (used in Section 6). To reduee heterogeneity and keep
the evaluation aligned with a non-contextual bandit model,jour pooled analysis restricts attention
to site-years labeled Site_Prod = low. Table 8 summarizes the resulting subset by state. Here
#sites counts unique (State, Site) pairs, #rounds counts unique (State, Site, Year, Block)
decision rounds, and #rows is the number of plot-levél observations.

Table 8: Summary of the pooled low-productivity real-data subset (2014-2016). The
pooled subset totals 7 states, 11 sites, 56 rounds, and 442 rows.

State # Sites # Rounds # Rows

IL 2 12 93
MN 2 12 94
IA 2 8 64
IN 1 8 64
WI 2 8 63
MO 1 4 32
NE 1 4 32
Total 11 56 442
N

Price series for the profit' objective. For the profit objective II(z) = p,Y (x) — pyx used in
the real-data replay, Table 9 xeports the year-specific corn price p, and nitrogen cost p,. Corn
price p, is the U.S. annual average price received ($/bu) from USDA-NASS Crop Values (2014~
2016). Urea priges arenDecember Midwest retail prices ($/ton); nitrogen cost is computed as
pz = ($/ton) /(2000 x 0.46) using urea’s 46% N analysis.

Tablé 9: Price series used for profit in the real-data offline replay (urea).

Year, Corn price p, ($/bu) Urea price ($/ton) Nitrogen cost p, ($/1b N)

2014 3.70 485 0.527

2015 3.61 431 0.468

2016 3.40 343 0.373
46

Page 46 of 46



